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PREFACE 


The present work has evolved out of the lectures delivered by 
me to the Post-Graduate students of the University of Calcutta. 
It is intended as an introductory text-book on Spherical Trigono- 
metry and an attempt has been made to present the subject- 
matter in as simple a manner as possible. The book has been 
brought to the standard required for the examinations of Indian 
Universities. It contains all the propositions which a student 
bas and ought to learn to have а fairly comprehensive knowledge 
of the Trigonometry of Spheres, and thus it paves the way for 
higher study in Spherical Astronomy, 

As the book consists mainly of formulae and the upplications 
thereof, a large number of examples has been appended for 
solution by the students. 

A short historical introduction has been given at the beginn- 
ing, showing the successive stages of the development of the 
subject. It arose out of the growing need for the study of the 
heavens. It is interesting to note that the fundamental 
formulae were al! known to Hindu Astronomers thousands of 
years ago and are of Indian origin, but owing to their conserva- 
tive spirit, any record of their work is wholly wanting. It was 
Sürya-Siddhánta which brought to light the achievement of 
Indian Mathematicians, and this was followed by several works 
on the sudject, showing thereby that the ancient Hindus 
were far advanced in Astronomy. In the body of the book 
reference to authors of the respective theorems has in most 
cases been given. 

In the preparation of this book I had to consult the existing 
treatises and several memoirs on the subject, and my thanks 
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аге due to their respective authors. Рог the history of the 
subjeet, among other works, I was greatly influenced by the 
monumental works of Dr. D. E. Smith and the late Dr, Е. Cajori 
and my thanks are due to them. I am also indebted to Dr. 
S. М. Ganguli, D.Sc., P.R.S., Lecturer in Higher Geometry 
in the University of Caleutta, for his valuable suggestions. 

I have also to express my thanks to the authorities of the 
University of Calevtta for their consent to publish the book, 
and to the officers and the staff of the University Press, for the 
pains they have taken in the printing of the book. 

In conclusion, I hope that the present book will tend a little 
towards the advancement of Mathematical learning of our 
students; it is for them that the book has been written and it 
is in their profit that I shall look for my reward. 


UNIVERSITY OF CALCUTTA: | 
| P. N, Mitra, 
July, 1935, | 
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PREFACE TO THE SECOND EDITION 


The present edition has afforded me an opportunity of revis- 
ing the book thoroughly and of enhancing the worth of the book 
by the introduction of many new and useful topics. The 
Historical introduction has been somewhat enlarged incorporat- 
ing therein some discussions on Spherical Astronomy as well. 
A discussion on Spherical and Terrestrial coordinates has been 
added in Chapter I, and bearing of distant places, nautical and 
linear units etc. explained so that the book may be more useful 
to students of Spherical Astronomy, Geodetic surveying and 
navigation as well. New formulae involving two angles and 
three sides have been added in Chapter ПТ. In Chapter IV 
equations of great circles have been given in terms of perpendi- 
cular from the origin on it, in terms of intercepts made by it 
on the axes, and with reference to the pole. "The solution of 
right-angled triangles has been separated from Chapter IV and 
a new chapter (Chapter V) on the solution of triangles has been 
added and the methods of solving right-angled and oblique- 
angled triangles have been thoroughly discussed and iliustrated 
by examples. Other minor additions have been interspersed 
throughout the book. The plan of treatment of the subject 
matter has remuined essentially the sume as in the previous 
edition. 

In conclusion I hope that the present volume will be used 
with more profit by the students for whom it has been written, 


CALCUTTA : 
| P. М. MITRA, 


January, 1949. 
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SPHERICAL TRIGONOMETRY 


HISTORICAL INTRODUCTION 


The early history of the science of Spherical Trignometry 
ig veiled in obscurity. In the prehistoric age, primitive men 
attributed every physical phenomenon to the agency of some 
Superhuman Being. To them the secret of the stars was closely 
connected with the secrets of human destiny. It was this that led 
the Hindus of India and the Babylonian shepherds to observe 
the stars and to speculate on their meaning. Thus developed the . 
folklore in India as also in the temples along the Nile and in 
Mesopotamia, As years advanced, observations of the heavens 
increased, which led to the measurement of angles, recording of 
such celestial phenomena as eclipses, naming of the constella- 
tions and the signs of Zodiac, ete., and thus the science of Astro- 
nomy had its beginning. The ancient Hindus, however, left no 
authentic record of their mathematical achievements. ‘They were 
very conservative and would hardly impart their knowledge to 


- their friends and disciples. Moreover, they had little sympathy 


with those outside their own caste. It is only in some special 
case that a favourite disciple could acquire the knowledge and 
learning of his teacher. With the passing away of a master 
mind, all his mathematical achieyements were lost in oblivion. 
There is sufficient evidence to show that schools existed very 
early in India, where mathematics was looked upon as a very 
important branch of learning, but for the reasons aforesaid 


а genera] literature on the subject is wholly lacking. All that 





2 SPHERICAL TRIGONOMETRY 


we can learn of them are gathered from the two great epics 
the Mahabharata and the Ramayana, the Vedas and other 
ancient literatures which show that the Hindus from ancient 
times paid considerable attention to astronomy.* Hindu intellect 
appreciated the dignity of objective facts and devised methods 
of observation and experiment. То them the external Universe 
was a system of mysteries to be unravelled, and they tried to 
investigate the truth and wring out of Nature the knowledge 
which constitutes the foundation of Science. The oldest 
astronomical instrument dates as early as 1800 B.C. The 
oldest extant astrological calender is ascribed to King Sargon 
of Babylon (fl. 2750 B.C.). The Babylonians also worked out a 
table of lunar eclipses beginning from 747 B.C. 

The study of scientific astronomy began in Greece with 
"Thales (640-546 B.C.). Не succeeded in predicting a solar 
eclipse which occurred on the 28th Мау, 585 B.C. Pythagoras. 
(580-500 B.C.) asserted that the Earth was spherical in shape. 
He seems to have sought out Thales and to have been his pupil 
lor some time. Не also travelled to Babylon and studied there, 
and spent some years in Egypt. According to some, he went as 
iar east as India to have a contact with the orient. His 
teachings reveal much more of Indian than of the Greek civili- 
sation in which he was born. It was left for Parmenides of 
Elea (460 B.C.) to teach at Athens the doctrine of the sphericity 
ofthe Earth, Eudoxus of Cnidus (408-355 В.С.) is said to have 
introduced the study of spherics (mathematical astronomy) in 
Greece, He was the first among the Greeks to give a description. 
of the constellations. Autolycus of Pitane (8. 330 В.С.) wrote 


* G. Oppert, On the Original Inhabitants of Bharatavarsa or India, 
London, 1893. | 
R. C. Dutt, A History of Civilisation in Ancient India, London, 1898. 
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two treatises on spherics, the first on the motion of sphere and 
the second on the rising and setting of the fixed stars. These are 
the oldest extant works on spheries and perhaps the most ancient 
mathematical texts that have come down to us from the Greeks. 
Euclid of Alexandria (fl. 300 B.C.) wrote a book called Phaeno- 
mena dealing with the celestial sphere. His greatest work is 
on geometry in thirteen books known as Elements. This oldest 
scientifie textbook is still in actual use. He wasthe most success- 
ful textbook writer the world has ever known, and he enjoys the 
glory of having successfully incorporating in his own writings all 
the essential parts of the accumulated mathematical knowledge 
of his time. The next important step was taken by the 
astronomer Aristarchus of Samos (260 B.C.). He used Pythago- 
rean triangle to find the distances of the sun and the moon from 
the Earth and also the diameters:of these bodies, His instru- 
menís were so crude that the results obtained by him were far 
from being even approximately correct. His greatest glory lies 
in the fact that he was the first to teach at Alexandria that the 
sun was in the centre of the Universe, and the Earth and other 
planets revolved round the sun, thus anticipating Copernicus by 
seventeen centuries. Eratosthenes of Alexandria (274-194 В.С.) 
took the noteworthy step in geodesy by his measurement of the 
circumference and the diameter of the Earth. Не also found 
the obliquity of the ecliptic to be 23*?51'20'. Archimedes of 
Syracuse (287-212 B.C.) devoted a portion of his work on 
sphere. A noteworthy step in the study of stars was made by 
Hypsicles oi Alexandria (Я. 180 В.С.) who divided the cireum- 
ference of a circle into 300^. With him began the scientific 
use of sexagesimal fractions in all astronomical calcula- 
tions, which still survives in our division of degrees, hours, 
minutes into sixty subunits. It is generally supposed that the 
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Babylonians, interested as they were in watching the stars, early 
came іо believe that the circle of the year consisted of 360 days. 
As yet we have got nothing which can be called trigonometrical. 
In fact it is the dependance of ‘astronomy upon spherical tri- 
gonometry that first led to its study by the ancients, long 
before plane trigonometry was considered as a separate branch 
of science. Spherical trigonometry is, as it were, the elder 
sister of plane trigonometry. 

Hipparchus of Niewa (180-125 B.C.) wrote a famous work 
on astronomy, in which he needed to measure angles and 
distances on a sphere, and hence he developed a kind of 
Spherical Trigonometry. He also worked out a table of chords, 
t:€., of double sines of half the angle, and.thus was begun the 
science of T rigonometry. So we find in Greece that the study 
of Spherical Trigonometry kept pace with that of Plane Trigono- 
metry. As yet we have not got any definition or idea of a 
spherical triangle. Theodosius of Tripoli (08-117 A.D.) wrote 
а treatise on sphere, but it contains no work on trigonometry. 
Heron of Alexandria (fl. 100 A.D.) wrote a book on geodesy 
where we find the actual trigonometrical formule for the area 
of a triangle and of a regular polygon, Menelaus of Alexandria 
(Я, 100 A.D.) wrote a treatise on sphere 'Sphaericorum Libri III’ 
dealing with geometrical properties of spherical triangles. 
This contains theorems on transversals and congruences of 
spherical as well as plane triangles, limits of the sides and 
angles of spherical triangles, etc. His proposition Regula sex 
quantitatum is well-known. He also wrote six books on the 
calculation of chords. ‘The interest in astronomy had induced 
more progress in spherical rather than in plane trigonometry. 


Claudius Ptolemaeus (85-165 A.D.) brought together їп his 


great work, Almagest in 13 books, allthe discoveries of his 


„жү ш 
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predecessors, He devoted chapters of his first bcok to 
trigonometry and spherical trigonometry. He extended the 
use of sexagesimal fractions and elaborated the table of sines 
already used by Hipparchus. He developed some theorems on 
plane trigonometry and gave several theorems on right-angled 
spherical triangles. He created, for astronomical use, a 
trigonometry remarkably perfect in form, Pappus of Alexandria 
(Я. 300 A.D.) devoted his sixth book in Mathematical Collections 
to the treatment of sphere. About the year 890 A.D. Theon 
of Alexandria edited Euclid’s Elements and the great work of 
Ptolemy. His daughter Hypatia (570-415 A.D.) was the first 
woman to take a noteworthy position in mathematics and 
wrote a commentary on an astronomical table. 


From 2000 B.C. down to 800 B.C. we have no record of 
Indian astronomy save the glimpses we have from the Vedic 
writings. The Vedie literatures were probably written about 
2000-1500 B.C., though composed much earlier; the Vedangas 
were written several centuries later. The ritualistic rules of the 
Sulvasutras of Baudhayana and "Apastamba were composed 
about 500 B.C. The Hindus were in the habit of putting into 
verse all mathematical results they obtained, and of clothing 
them in obscure and mystic language, which, though well adapted 
to aid the memory of him who already understood the subject, 
was often unintelligible to the uninitiated. From the period of 
invasion of India by Alexander the Great in 327 В.С., there 
was regular intercourse between the Hindu and Greek 
mathematicians, which influenced their respective astronomies 
to a certain extent, Before the beginning of the Christian era, 
there were numerous invasions from the North which seriously 
interfered with the spread of Greek science, and in the fourth 
century A.D., with the appearance of Surya Siddhanta of Lata 
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— the first important work on Astronomy in India—we find the 
Astronomy of Greece replaced by the Astronomy of Hindus. 
The mathematical formulae of the Sulvasutras now gave place to 
the mathematics of stars, Hindu Trigonometry was far in 
advance of the Greek Trigonometry. The Hindus were 
familiar with what we now call the sine of an angle(' jyā °). 
The term ‘Sine’ is an Arabie corruption from the Sanskrit 
word ‘Shinjini’, Hindus also calculated the ratios corres- 
ponding to versed sine (* Utkramajya ') and cosine (‘ Kotijya '). 
The formula зѕіп?а + соѕ?а = 1 was also known to them 
and they made use of this formula, The use of sines was 
unknown to the Greeks. They calculated with the help 
cf whole chords. In place of whole chords (Jiva) Hindus 
used half chords (ardhajya) in relation with the are. In 
this respect we find an important advance among the Hindus. 
Hindus also devised tables of sines and of versed sines. In 
these tables the sine or versed sine is expressed in minutes of 
the circumference, The rule for the computation of sines 
indicates a refined method of computation by means of their 
second differences. This method was first practised in modern 
times by the English mathematician Briggs (1556-1631), The 
astronomical tables of the Hindus prove that they were 
acquainted with the principal theorems of spherical trigonometry. 
The theory of planetary motions, the methods of calculating 
their true positions and times of their revolution, the hypothesis 
of epicycles, annual precession of equinoxes, relative size of 
sun and moon as compared with the earth, the greatest equation 
of the centre for the sun etc., were all known to the Hindus 
from the earliest times. Their calculations with regard to these 
were mostly correct.* The Hindu sages of ancient times 


* Burgess, Surya Siddhánta, 
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conceived of a Lunar Zodiac with twenty-seven naksatras 
(constellations) and the passage of moon from any one of these 
back to the same point. The Arabs, however, learned their 
manzil (twenty-eight constellations) from the Hindus in the 
eighth century. Spherical trigonometry and astronomy were 
treated scientifically by Aryabhatta (475-550 A.D.) in his 
Aryabhatiyam and Gola. He gave arule for finding sines, and 
his Gitika, which is a collection of astronomical tables, contains 
a table of these functions. He knew the truth that the earth 
revolves on its own axis. The true cause of solar and lunar 
eclipses was also explained by him. He knew of the division of 
the Heavens into twelve equal portions and named these twelve 
divisions and represented them by figures of animals, because 
ої a fancied resemblance to the animals ram, bull, etc., in 
figures which the stars falling in the respective divisions 
presented to the naked eye. These are known as the Signs of 
the Zodiac. Next comes Varahamihira* (505-587 A.D.) whose 
work Райса Siddhüntika shows an advanced state of mathe- 
matical astronomy. Не describes the five Siddhantas which had 
been written before his time but places the Sürya Siddhanta 
at the head. Among the five is the Paulisa Siddhanta 
which contains an excellent summary of the early Hindu 
Trigonometry. Varahamihira taught the sphericity of the 
earth, and in this respect he was followed by most of the other 
Hindu astronomers of the Middle Ages. The most prominent 
of the Hindu mathematicians, of the seventh century, was 
Brahmagupta, who was born in 598 A.D. He wrote his 
astronomical works Brdhma-sphuta-siddhanta in 628 A.D. 
and Khandakhüdyaka in 665 A.D. It was he who taught 


* According to some tradition Varaha and Mihira were two different persons— 
father and son. 
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the Arabs astronomy long before they became acquainted 
with Ptolemy's work. The famous Sindhind and Alarkand 
of the Arabs are the translations of the two books of 
Brabmagupta. The cosine and sine theorems for oblique- 
angled spherical triangles are implied in the rules of Varaha- 
mihira and Brahmagupta. The triadic relations for right-angled 
spherical triangles were known to the Hindu mathematicians 
and were used by them to solve spherical triangles. The 
mathematical achievements of the Hindus was not only in 
advance of that of the Greeks, but anticipated in some 
remarkable instances the European discoveries of the sixteenth, 
seventeenth and eighteenth centuries. It is this mathematics ` 
which is the basis of the mathematical science known to the 

modern world. In the reign of Caliph Almansur (712-775 A.D.) 

of Bagdad, a Hindu Astronomer named Kankah went to his 

court with astronomical tables in 766 A.D,, which were translated 

into Arabie, Thus Hindu mathematies and astronomy came to 

be known to the scholars at Bagdad. This was known as Sindhind 

and contained the important Hindu table of sines. It is generally 

believed that this was the Brüàhma-sphuta-siddhünta of 

Brahmagupta, and the name Sindhind is derived {rom the word . 
Siddhanta. The work Alarkard is the translation of his Khanda 
Khadyaka. А Persian named Yaqub ibn Tariq also went to the 
court of the Caliphs about this time and is said to have written 
on the sphere in 775 A.D. and probably to have assisted in 
translating the works of Brahmagupta. From the seventh 
century onwards Hindu astronomers also visited China. They 
served the Chinese Government on the astronomical board, 
sometimes even as President.* Hindu astronomical instrumenta. 





* Mikami, Development of Mathematics in China and Japan, 
L eipzig, 1913. 
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were also introduced into China,* and Brühma-sphuta-siddhünta 
and other Sanskrit works of the Hindus were translated into 
Chinese about this time, Several calendars were modelled on the 
Hindu method. Itsug’s (683-727 A.D.) calendar may be men- 
tioned in this connection. Mahavira (fl. 850 A.D.) seems to have 
made efforts to improve upon the works of Brahmagupta. The 
conception of three-dimensional space is due to Vachaspati 
(850 A.D.). He devised a means of indicating the position of 
a star or planet in heavens with reference to three axes. One 
axis proceeds from the point of sunrise in the horizon to that 
of sunset on a particular day (i.e., from the East to the West), 
a second bisecting this line horizontally at right angles (i.e., 
from the North to the South), and the third proceeding from 
their point of intersection up to the meridian section of the sun 
on that day (1.е., vertical). Тһе position of a point in space 
relatively to another point is obtained by measuring distances 
along these three directions. Thus the principle of Solid 
Geometry was anticipated by Vachaspati eight centuries before 
Descartes. After this time to the year 1000 A.D. very little 
progress was made in India, In ihe mean time the knowledge 
of India passed into the keeping of Arabs. Caliph Harun al- 
Rashid of Bagdad was a great patron of learning. During his 
reign (786-809 A.D.) there was a second influx of Hindu 
learning, especially, astronomy, in Bagdad. His son Caliph 
al-Mamun (reigned from 809 to 833 А.О.) was also a great patron 
of learning. He erected an observatory at Bagdad and Almagest 
of Ptolemy was translated into Arabic at his directions, The 
greatest mathematician at his court was Mohammed ibn Musa 
al-Khowarizmi (825 A,D.). Не wrote on astronomical tables, 
dials, etc., but he is best known for writing the first work 


* Werner, Chinese Sociology, Londun, 1910. 
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bearing the name Algebra. Не studied and communicated tc 
his countrymen the Indian method of computation. A Jewish 
scholar of the name Abu'l Taiyib came to Bagdad about 850 A.D. 
He gave up his Jewish religion and adopted the faith of Islam. 
He compiled a set of astronomieal tables and seems to have 
written on Trigonometry, Al-Mervazi (fl. 864-874 A.D.), Albumasar 
(d. 886) and Al.Dinavari (d. 895 A.D.) worked and wrote on 
Astronomy and Hindu methods of computation, The chief Arab 
writer on astronomy was the Arab prince Albategnius, Governor 
of буга (850.029 A.D.). He wrote on astronomy and 
trigonometry and computed the first table of cotangents. He 
is also known аз Al-Battani. Like the Hindus he used half 
chords instead of whole chords. Some mathematicians are of 
opinion that he discovered the cosine formula, but there is no 
evidence to show that he had апу real knowledge of 
spherical trigonometry, In fact, he borrowed it from the Hindu 
astronomy. Abu'l Wefa (940-998 A.D.) was celebrated for his 
improvements in trigonometry. Не із said to have introduced 
the use of tangent, secant and cosecant, and to have computed a 
table of sines and tangents. Abu’l Wefa and his contemporary 
Abu Nasr tried to systematise the older knowledge but it was 
the Persian astronomer, Nasir ed-din al-Tusi (1201-1274 A.D.), 
whose work Shakl al-qattá reveals trigonometry as a science 
oy itself. With Ibn Yunis (960-1008 A.D.) and Al-Haitam of 
Basra (965-1039 A.D.) who next to Al-Battani were celebrated 
Атай astronomers, Cairo became a centre of astronomical 
activity. Ibn Yunis prepared the hakimitie table of sines 
by the direction of the Egyptian ruler Al-Hakim. The beginning 
of the llth century saw one cf the brilliant astrologer 
astronomers of the Arabs of the name Alberuni (973-1038 A.D.). 
.He came to India and made a careful study of the country and 
its works in mathematies and other sciences. He translated 


` 
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into Arabie, in 1000 A.D., two works of Varahamihira, Brahma- 
sphuta-siddhàünta of Brahmagupta and other Sanskrit works. 
He is said to have promoted spherical trigonometry. We are 
indebted to him for his work entitied India, which is the best 
summary of Hindu Mathematics that the Middle Ages produced. 
Among the Hindu writers from 1000 to 1500 A.D., the first was 
Sridhara who was born in 991 A.D., but he did not contribute 
much to the science of Spherical Trigonometry. His work 
Ganitasara is devoted to arithmetic and algebra. The other writer 
of prominence is Bhaskara (1114-1185 A.D.), a native of Biddur 
in the Decean, who wrote chiefly on astronomy, arithmetic, al- 
gebra and mensuration. His most celebrated work is the Lilavati 
on arithmetic and mensuration. This work was translated 
into Persian Бу Fyzi, brother of Abu! Fazl in 1587 A.D., by the 
direction of the emperor Akbar. His Bija-Ganita is devoted to 
Algebra. А third work of importanee written by Bhaskara is his 
Siddhanta Siromani which contains a book, Goladhyaya, devoted 
to astronomy and sphericity of the earth. He gave a method 
of constructing a table of sines for every degree. His grandson 
Changadwa was chief astrologer to king Simghana and a college 
was founded in his time to expound the doctrines of Bhaskara.* 
With the decline of Bagdad, the study of spherical triangles, 
for astronomical works, assumed greater importance in Spain. 
Gabir ben Aflah of Seville (1140 A.D.) wrote on spherical 
trigonometry and introduced the “rule of four quantities."' 
His work contains a collection of formule upon right-angled 
spherical triangles. His work was translated into Latin by 
Gerhard of Cremona (1114-1187 A.D.). In this translation is 
found the earliest known use of the word sinus for a half ehord. 
In plane trigonometry, Gabir did not go beyond the Almagest. 


* G. R. Kaye— Indian Mathematics, р. 37. 
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It is interesting to note that the famous poet Omar Khayyam 
(1044-1128 A.D.) of Rubaiyat fame added lustre to Persian 
Mathematics by writing on Euclid and astronoms.* Та the 
13th century a new set of tables was computed for astronomical 
purposes by the direction of Alfonso X (1250); these tables were 
completed in 1254, and were held in high esteem. Persian 
prince Ulugh Beg (1393-1440) of Samarkand shewed his interest 
in astronomy by erecting an observatory at Samarkand. ‘Tables 


of sines and tangents computed under his direction helped to: 


advance the trigonometrical science. By the 14th century 
England came to know of the Hindu Trigonometry through 


the Arab Trigonometry. Arabs took much interest in science 


and were pupils of the Hindu masters in all branches of 
Mathematical Science. But there was lack of originality in 
them. They received their astronomy first from the Hindus and 
then from the Greeks, and their trigonometry largely from the 
Hindus in connection with astronomy. ‘They originated nothing 
of importance in arithmetic or in geometry, they improved upon 
the astronomy of their predecessors and made some contributions. 
to trigonometry. The Arabs were transmitters of learning 
rather than creators, and we are indebted to them for preserving 
many important mathematical works of their predecessors in 
their translations and transmitting them to us. 

Among the modern writers to exhibit Trigonometry as & 
science, independent of Astronomy, was the German 


mathematician Jobann Müller, better known as Regiomontanus. 


(1436-1476). His work De triangulis omnimodis Libri У, 
written in 1464, may be said to have laid the foundation for 
later works on plane and spherical trigonometry. Georg vom 


* Bee author's paper—'' Omar Khayyam, the Mathematician " in Indo- 
Iranica, Vol, І (3), for detailed discussion. 


Е, 
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Peuerbach (1423-1461) had already formed the plan of writing а 
trigonometry in which he was primarily interested, and compiled 
à table of sines in 1460, but was prevented by his death from 
completing the same. His idea was carried into effect by his 
pupil Regiomontanus. Copernicus (1473-1548) completed some 
of the works left unfinished by Regiomontanus, in his De 
Lateribus et Angulis Triangulorum (1542). The Danish astro- 
nomer Tycho Brahe (1546-1601 A.D.) also gave the cosine 
formula in 1590. The leading mathematica) astronomer in the 
middle of the 16th century was Georg Joachim Rhaeticus 
(1514-1576). He wrote on trigonometry and astronomy. In 
his book Canon doctrinae Triangulorum (Leipzig, 1551) he took 
a right-angled triangle and defined the trigonometrical functions 
as functions of an angle instead of an arc, and substantially as 
ratios, and named sine as perpendiculum, cosine as basis and 
cosec as hypotenusa. His other works, Opus Palatinum de 
Triangulis and Thesaurus Mathematicus, were published 
posthumously in 1596 and 1013. He visited Copernicus in 
1589 and studied with him. With the French mathematieian 
Vieta (1540-1603) began the first systematic development of 
the calculation of plane and spherical triangles. The theorem 
for cosine of angles was given by Vieta in 1593. The cotangent 
theorem was given in substance by him but was afterwards 
proved by Snellius in 1627. The name Trigonometry first 
appeared in an important work on Trigonometry by the German 
mathematician Pitisous (1561-1613) in 1595. Не also edited 
and perfected the table of sines of Rhaetieus. Albert Girard 
(1595-1632) published at the Hague, in 1626, a noteworthy 
work on Trigonometry, in which he made useof the spherical 
excess, in finding the area of a spherical triangle. This also 
appeared in his Invention nouvelle en l'Algébre in 1629. The 
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area of a spherical triangle was also given by Cavalieri (1598- 
1647) in his Directorium generale (Bologna, 1632), and after- 
wards in his Trigonometria plana et spherica (Bologna, 1643). 
Napier (1550-1617) replaced the rules for spherical triangles 
by one clearly stated rule, the Napier's analogies, published 
in his Mirifici Logarithmorum Canonis Descriptio in 1614. He 
also gave two rules of circular parts, which included in them 
all the formulae for right-angled spherical triangles. The 


properties of the polar triangles were discovered by Snellius. 


(1591-1626 A.D.) in his Trigonometria, published posthumously 
at Leyden in 1627. Euler (1707-1783 A.D.) gave a fresh 
impetus to the study of the subject by publishing several 
memoirs in the Royal Academy of Berlin and in the Acta 
Petropolitana. Delambre (1749-1822) published his analogies in 
1809. Valuable contributions to the subject were also made by 
Lagrange (1736-1818), L'Huilier (1750-1840), Legendre (1752- 
1833), Gauss (1777-1855), Lexell (1782), Chasles (1831), Schulz 
(1833), Gudermann (1835), Borgnet (1847), Neuberg, Von Staudt 
(1798-1867), Simon Newcomb (1835-1909), E. Study (1893) and 
F. Meyer. | 

The case for spherical triangles with sides and angles not 
necessariiy less than т is generally ascribed to Mobius* but it 


seems that Gauss ł had not only thought of this generalisation,. 


but had worked it out. 


* See Gesellschaft der Wissenschaften zu Leipzig, 1860, p. 51. 
1 Bee Theoria motus Corporum Coelestium, 1809, & 54. 
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CHAPTER I 
SPHERE 


1.1. Sphere. А sphere is a solid figure such that every 
point of its surface is equally distant from a fixed point within: 
it, which is ealled the Centre of the Sphere. 

Any straight line joining the centre of a sphere to any point 
on its surface is called a Radius, and the straight line drawn 
through the centre and terminated both ways by the sphere is. 
called a Diameter of the Sphere, 





А sphere can be generated by the revolution of a circle 
round any of its diameters as axis, 

The surface of a sphere may be defined as the locus of a 
point whieh moves in space so that its distance from a fixed 
point (/,e., the centre) is constant. 


1.2, Intersection of Sphere by a plane, Ifa plane inter- 
sects a sphere, the resulting section will be some curve on the 
surface of the sphere, and we prove below that 
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The section of the surface of a sphere by a plane is u cirele. 





Let ABX be the section of the sphere made by a plane 
and let О be the centre of the sphere. Draw OC perpendicular 
to the plane of ABX. Take any point D on the section ABX 
and join CD and OD. Now OCD is a right-angled triangle, 
for OC is perpendicular to the plane ABX and hence perpen- 
dicuiar to CD. Therefore С0%= 0D* — OC?, But OD is constant 
being radius of the sphere and OC is constant for О and C are 
fixed points, and hence CD is of constant length. Thus any 
point D in the section ABX is equally distant from the fixed 
point C in its plane, that is, ABX is a circle of which C is the 
centre. 


1.3. Great Circle and Small Circle.* When the plane 
intersecting the sphere passes through the centre of the sphere, 
_ ats circular section is called a Great Circle, thus AB is a Great 
Circle. When the section does not pass through the centre, 
it is ealied a Small Circle, thus A'B' is a Small Circle, (See 
figure of Art. 1.1.) 


* The nomenclature із perbaps due to the fact that the radius of a great 
circle (which is the sanie as the radius of the sphere) is always greater than 
that of any small circle, as is evident from the relation CD1-0D!—oct 
of Art, 1.2. | | 


- 
° 
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All plane sections parallel to AB are parallel small circles, 
and are known as its parallels. 

The solid cut off by the plane of a great circle is ealled a 
Hemisphere, and that cut off by the plane of a small circle is 
called a Segment of the sphere. 

The portion of the sphere cut off between two parallel planes 
is called a frustum of the sphere. ‘The curved surface of a 
frustum is called a zone. 

Note 1.—Only one great circle сап be drawn through two given points on 
the surface of a sphere, for its plane must pass through the centre of the 
sphere, and three non-collinear points uniquely determine a plane. The great 
circle is unequally divided at the two points, and by the arc joining the two 
points we shall always mean the smaller of the two. But if the two given 
points be the extremeties of a diameter, an infinite number of great circles can 
be drawn through them. (See figure of Art, 1.1.) 

Note 2.—The shortest arc that can be drawn on the surface of a sphere 
Joining two points on it, is the great circular are through them, for the shortest 


arc must bave the least curvature, and so it must belong to the circle of the 
greatest radius, t.¢., the great vircle. 


1.4. Axis and Poles. The Avis of a circle on a sphere is 
that diameter of the sphere which is perpendicular to the plane 
of the cirele. The extremeties of the axis are called the Poles * 
of the circle. Thus if the diameter PP’ of the sphere (fig. of 
Art. 1.5) is perpendicular to the small! circle AB, then PP’ is 
its axis, and P and P’ are its poles, of which the nearer pole P 
will usually be denoted as the pole. The poles of the great 
circle are equidistant from the plane of the great circle. 
Any point and the great circle of which it is the pole are 
termed pole and polar with respect to each other. 


EXAMPLE 
Shew that the line joining the centre of the sphere to the pole of a smal! 


circle passes through its centre. 


The expression pole of a circle is due to Archimedes of Syracuse 
(287.212 B.C.). > 


2—1619B - 
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1.5. Theorem. The pole of a circle is equidistant [rom 
every point on the circumference of the circle, 





Р! 


Let О be the centre of the sphere and АВ апу circle on it 
of which C is the centre, and P and P' are the poles. Take 
any point D on АВ. Join CD and PD. Then PD?=PC*?+CD* 
= constant. 

Now as the chord PD is constant, therefore the arc of the 
great circle intercepting PD is also constant for all positions of 
D on the circle AB. Thus the distance of the pole of a circle 
from every point on its circumference is constant whether the 
distance be measured by a straight line or by a great circular 
arc. 

The great circular are PD joining the pole P of the circle 
AB to any point D on its circumference, is called the Spherical 
Radius of the cirele АВ. The spherical radius of a great circle 
is а quadrant. (See Art. 1.9.) 


1.6. Theorem. Two great circles bisect each other, 


The plane of each great circle passes through the centre 
of the sphere. Hence the line of intersection. of these planes 
is a diameter of sphere, as also of each great circle, Therefore 
the great circles are bisected at the points where they meet. far 


nd 
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1.7. Angle between two circles. When two circles intersect, 
the angle between the tangents at either of their points of 
intersection is called the angle between the circles. Ii these 
circles are great circles, their planes pass through the centre, 
and their line of intersection is a diameter of the sphere to 
which the tangents are perpendicular, and hence the angle 
between the tangents is the angle of intersection of the planes,* 
i,€., it measures the dihedral angle between the planes of the 
creat circles. Thus 


The angle of intersection of two great circles is equal to the 
inclination of their planes. | 


'1.8. Secondary Circles. Great cireles whieh pass through 
the poles of another great circle are called Secondaries to that 
circle, which again is termed Primary circle in relation to them. 
Thus, in the figure, ABC is the primary circle and all the 
circles through P and Р’ are secondaries to it. 1% is evident 
that there can be an infinite number of such secondaries, 





* When two planes intersect, the angle between them is measured by the 
angle between any two straight lines drawn one in each plane, at any point 


_ on their line of intersection and perpendicular to it. 





90 SPHERICAL TRIGONOMETRY 


the planes of which intersect in the line PP’, the axis of the 
primary circle. 

Since PP’ is perpendicular to the plane ABC, any plane 
passing through PP’ is also perpendicular to the plane ABC. 
Hence 

Any great circle and its secondary cut each other at right 
angles, 

Again since РО 1s perpendicular to OA and OC, AOC is the 
angle of inclination of the planes of PA and PC, and this is 
measured by the arc AC, Hence the angle between the circles 
PA and PC is measured by the arc AC, i.e., 

The angle between any two great circles is measured by the 
атс intercepted by them on the great circle to which they 
are secondaries. 

1.9. Theorem. The arc of a great circle which is drawn 
from a pole of a great circle to any point in its circumference 
is a quadrant. (Fig. of Art. 1.8.) 

Let P be a pole of the great circle ABU and O the centre 
of the sphere. Join PO. Then PO js perpendicular to the 
plane ABC and hence perpendicular to OA, OB, OC and OD. 
Hence each of the angles POA, POB, POC and POD is a right 
angle, 1.е., each of the ares PA, PB, PC and PD is a quadrant. 


1.10. The Converse Theorem. If the arcs of great circles 
joining a point on the surface of a sphere with two other points 
on it, which are not opposite extremities of a diameter, be each 
a quadrant, then the first point is a pole of the great circle 
passing through the other two. 

For if PA and PC (fig. of Art. 1.8) be each a quadrant, the 
angles POA and POC are right angles. "Therefore PO is per- 
pendicular to ОА and OC, and hence perpendicular to the. plane 
AOC, i.e., PO ів the axis and P is a pole of the great circle 4C. 


GCU 6&8 
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1# ares РА and PB аге taken, since 4 and В are opposite 
extremities of a diameter, an infinite number of great circles 
can be drawn through them. 


1.11. Theorem. If two arcs of great circles, which are not 
parts of the same great circle, be drawn from a point on the 
surface cf a sphere such that their planes are at right angles 
to the plane of a given circle, then that point is a pole of the 
given circle. 

Since the planes of the two ares are at right angles to the 
plane of the given circle, their line of intersection is also 
perpendicular to the plane of the given circle; and as it passes 
through the centre of the sphere, it is the axis of the given 
circle. Hence the given point is a pole of the given circle. 


1.12. Theorem. The points of intersection of two great 
circles are the poles of the great circle passing through the poles 
of the given circles, 





Let the two great circles intersect at A and B, and let P and 
© be their poles. Join РА and QA. Then PA and QA are each 
a quadrant (Art. 1.9) and hence A isa pole of the great circle 
PQ (Art. 1.10). Similarly B is the other pole, 
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1.18. Theorem. The angle between two great circles is 
equal to the angular distance between their poles. 


For, taking the figure of the last article, A isa pole of the 
circle PQ ; hence AM and AN are each a quadrant. The angle 
between the circles AMB and ANB is measured by the are MN 
(Art, 1.8). Also PM and QN are quadrants and the angular 
distance of the poles is measured by the are PQ. Therefore 


are PQ=PM -QM = QN- QM=MN. 


Since these arcs are equal, they will subtend equal angles 
at the centre. Hence joining OP, OQ, OM and ON, we have 
angle POQ -—angle MON, i.e., the angle subtended at the centre 
of the sphere by the are of a great circle joining the poles of 
two great circles is equal to the inclination of their planes.* 


~ 


1.14. Position of a point on a sphere. System of 
Coordinates. 


From §§ 1.8 and 1,8 it follows that we have two systems ot 
circles on the surface of a sphere, the first system comprising 
of the great circle ACB and its parallels (small circles), and the 
second comprising of all the secondaries PAP’, PCP!,... of the - 
great circle АСВ. ‘These two systems of circles are at right 
angles to one another. The second system contains the axis 
PP’, and the first one is perpendicular to it. For every diameter 
of the sphere we have two such systems. 


To determine the position of a point on the sphere, take two 
great circles at right angles to each other. This ig easily done 
by taking the great circle ACB as one circle of reference and 


. * It is obvious that the angle between the two planes is equul to the 
angle between their perpendiculars OP and OQ. | 





Б 
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any one of its secondaries, PCP’ (say), as the other circle of 
reference. These two circles intersect at right angles at the 
point C, which is called the Origin of coordinates, To find the 


P 


— 


% 
р' 

position of any point S on the sphere, draw а great circular arc 
through S perpendieular to ACB meeting it at the point L. 
Evidently the cirele SL will pass through the pole P of ACB, 
i.e., it is a secondary to AB. ‘The position of S is determined 
if the ares CL and SL, or the angles COL and SOL which they 
subtend at the centre O of the sphere are known. When CL 
is known, the secondary containing S is uniquely determined, 
and SL determines its actual position on the secondary. CL is 
measured due east or west, and SL due north or south. 

Lengths on the axes (circles of reference) intercepted be- 
tween the origin and feet of the perpendiculars drawn from the 
point on the axes are also used as spherical coordinates. Thus 
2 und y are the spherical coordinate of S. 


1.15. Position of a place on the surface of the Earth. 
While the earth is not exactly spherical, it is approximately 


so. We сап consider’ the earth to be a sphere of radius 3959 
miles. 
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Any two great circies drawn on the surface of the earth at 
right angles to each other may serve as the circles of reference. 
But, for convenience, we select these circles with reference 
to the axis about which the earth rotates. The great circle 
perpendicular to the axis of rotation of the earth is called the 
Equator, and the secondaries to the equator are called Meridians. 
The poles P and P' now become the North Pole and the South 
Pole. The equator is taken as the first circle of reference, and 
any meridian passing through the poles may be taken as the 
second circle of reference. But, for convenience, the meridian 





P ; 
passing through Greenwich (the point G in the Figure) is taken 
as the second circle of reference. It is called the Prime Meri- 
 4lian.* Thus the equator AB and the meridian PGC are the 
circles oi reference, The position of a place on the earth's » 
surface is given by its latitude and longitude. 


* 


The latitude of a place is the angular distance of the place 
from the equator, measured north or south to 90°, and the 





* In Surya-Siddhanta the meridian through Ujjain as well as that through 
Lanka is taken as the Prime Meridian. 
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longitude of а place is the angular distance of the meridian 


through the place from the prime meridian, measured east or 
west to 180°. 


The arcs CL and SL are the longitude and the latitude of 5. 
Ihese can be measured along great circular arcs, or in terms 
of the angles COL and SOL, which they make at the centre 
of the earth. 


The arc PS is called the colatitude of S. When the latitude 
and longitude of two places are known, we can find the distance 
between them. 


The small circles parallel to the equator are called parallels of 
latitude. АП places situated on a parallel of latitude have the 
same latitude; they differ only in longitudes. 


Take another place T in the western longitude. Its latitude 
is TE south and longitude EC west. Colatitude of T is measur- 
ed by the arc PT. 


The difference in longitude of two places is measured by the 
sum or difference of their longitudes according as one lies in the 
east and the other in the west longitude, or both lie in the east 
(or the west) longitude. 


The bearing of S from T is the acute angle which the great 
cireular are ST makes with the meridian through T. "Thus the 
angle PTS measures the bearing of S from T, or the supplement 
of that bearing. The angie PST measures the bearing of T from 
5 or the supplement of that bearing. The bearing is meéasureua 
east or west according as the place whose bearing is wanted lies 
to the east or the west of the other place; and it is north or south 
according as the acute angle faces the north pole or the south 
pole. Thus Т lies to the west of S and if PST —82^, the bearing 
of T from S is N82°W. 
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1.16. To compare the are of a small circle subtending any 
angle at its centre with the arc of a great circle subtending an = 
equal angle at the centre of the sphere. 


Let ab be the are of u small circle whose centre is C and 
whose pole is P. Let O be the centre of the sphere, Then OP 
is at right angles to the plane 4Cb. OP is also at right angles 
to the plane of the great circle of which P is a pole. Through 
P draw great circles PaA and PbB to meet this great circle 
nt А and B. Then OP is perpendicular to ОА, OB, Ca and Cb, 
Hence either of the angles a/b or AOB measures the angle be- 
tween the planes POA and РОВ, and therefore ZaCb= Z АОВ. à 





H arc ab — Are AB 
gs radius Ca radius OA 
arc ab _ Са ^ x 
or, SOAR GAO sin POa = cos АОа. 
Thus arc ab = arc AB coa Аба. 





Hence taking AB as the equator and а asa — 
latitude, it follows that 
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Distance between two places on the same parallel of latitude 
z Difference in their longitude multiplied by the cosine of thetr 
common latitude. 


1.17. Linear units. When distances on the earth's surface 
are given in degrees, minutes and seconds, it}oecomes some- 
times necessary to express them in terms of linear units. For 
this purpose we may use the geographical or nautical mile whose 
length is represented by a great circular arc of 1. This is 
reduced to statute miles by the following relations : 


1 nautical mile —1'- 6080 ft. 

1 statute mile = 5280 ft. 

1 nautical mile = 1°1515 statute miles. 
1 statute mile = ‘8684 nautical mile. 
R=radius of earth 23059 statute miles. 


EXAMPLE WORKED OUT 


On a sphere whose radius is г, a small circle of spherical radiusa, Ө, is 
described, and a great circle is described having its pole on the small circle ; 
show that the length of their common chord is 


37/2898. 
sin 8 


(Science and Art Exam. Papers.) 


‘Let О be the centre of the sphere and C the centre of the small circle. Then 
OC is perpendicular to the plane of the small circle. Take any point P on the 
small circle as the pole of the great circle. Then 


L POC —the angular radius of the small circle — 8 
and hence OC =r cos 0 and CP —r sin 9, where r is the radius of the sphere. 
Let c be the length of the common chord and d the length of the perpendi- 
ocular from C op it. Then 


' (2)-я sin? 0-01, 
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Again since the angle between OC and the plane of the great circle is 
30* —6, we have 


cot ё = —— 
т cog 8 
or dr cos 8 cot 8, 
1 
Therefore ( =" sin? 8 — r? cos? @ cot? 9 
_ isin? @— cos? 6) 
sin? 8 
— — 
Or C — — 4/ — cos 90, 
sin 8 





У.В.— Рог a real section 20 inust be greater thau 90° and hence the negative 
sign under the radical sign. 


EXAMPLES 


l. Shew that any great circle is the locus of tbe poles of all its secondaries. 
2. Shew thatthe angle between the plane of any circle and the plane of a 
great circle which passes through its poles is a right angle. 
3. Two equal small circles are drawn touching each other. Shew that 
the angle between their planes is twice the complement of their spherical radius. 
(Science and Art Exam. Papers.) 


4. The angle subtended at the centre of acircle by two points on it is 
equal to the angle subtended by them at its pole. 

5. If two great circles are equally inclined to a third, their poles are 
equidistant from the pole of the third. 

6. Ша point is equidistant from three great ciicles, it is also equidistant 
from their poles. 

7. If two spheres intersect each other, shew that their curve of intersection 
is a circle. 

8. If фе the latitude of a place A, and R the radius of earth, shew that 
the parallel of latitude through А is a small circle of radius R cos ф. 

9.: Two places on the same parallel of latitude differ in longitud. by 80°, 
If. their common latitude із 60°, shew that the distance between them due 


east or west is T R, R being tbe radius of tbe earth. 





"Law A Ww" © 





^ 





CHAPTER II 
SPHERICAL TRIANGLE 


2.1. Spherical Triangle. А spherical triangle is а triangie 
formed by three ares of great circles on the surface of a sphere. 
The ares are spoken of as the sides, and their angles of inclination 
at the points where they meet, the angles of the spherical 
triangle. As in plane trigonometry, the angles are usually 
denoted by the letters А, B, C, and their opposite sides by 
the letters а, b, c. The angles and the sides are sometitnes 
spoken of as elements or parts of a spherical triangle. Unless 
stated to the contrary, all ares drawn on the surface of a sphere 
will be taken to be ares of great circles. 


2.2. Restriction of the sides and the angles. Two points 
on the surface of a sphere may be taken to be joined by either 
of the two segments of the great circle passing through them. 
Hence we can have eight triangles having for their vertices 4, 
B and C. бо to avoid ambiguity and to simplify our study it 
has been eonventionai (as in Art. 1.8, note 1) to mean by any of 
its sides, the lesser segment of the great circle passing through 
the two corresponding vertices. "lhus we get one triangle ABC, 
each side of which is less than a semicircle, and we denote this 
particular triangle as the spherical triangle ABC. Thus in the 
figure, triangle ABC is that one formed by the arca ADC, AB 
and BC, 


triangle must be less than two right angles. 
For consider the triangle ABC having the 
than two right angles. Produce the arc AB to 
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ACF at E. Then the are AFE is a semicircle and hence 
the are AEC is greater than asemicircle. Thus the triangle 





ABC having the angle B greater than two right angles is formed 
by the ares AB, BC and AEC, of which the latter is greater than 
two right angles. Such a triangle we have excluded from our 
„consideration. Hence we conclude that 


The sides and the angles of a spherical triangle must each be 
less than two right angles. : 


From the above considerations it is easily seen thatita 
spherical triangle has a side or an angle greater than two right 
angles, the great circles on which its sides lie will bound another 
spherical triangle whose sides and angles are all less than two 
right angles. The sides and angles of tbe former triangle ‘are 
easily determined when those of the latter are known. 


The sides and the angles of a spherical triangle will — 
be expressed in circular measure. 


2.3. Formation of a Spherical Triangle. Let О be the 
centre of the sphere and suppose three planes form a solid angle 
at O. These planes interséet the surface of the sphere in arcs 
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of great circles AB, BC and CA, which farm the sides of the 


spherical triangle ABC, > 
A 
C 
0 Ne ile кы 
: 
B 
No th | | A0B= 2 4B . ' 
w the plane angle — — 


are ВО arc AC 
radius OB and angle: 40€ radius OC ' 


and as О4= OB = OC, we see that the arcs AB, BC and СА are 
proportional to the plane angles 40B, BOC and COA, which 
they subtend at the centre of tbe sphere. 

If Ab and Ac are tangents to the ares AB and AC respec- 
tively, the angle A is equal to the angle bAc, which again is the 
dihedral angle between the planes АОВ and AOC containing the 
sides АВ and AC. Thus the angles of a spherical triangle are 
the same as the inclination of the plane faces forming the solid 
angle at the centre О of the sphere. 


angle BOC= 


2.4. Classification of Spherical Triangles. As in the case 
of plane triangles, spherical triangles are classified in two ways: 
a _ firstly, with reference to the sides, 
and secondly, with reterence to the angles. 
A spherical triangle is said to be equilateral, isosceles or scalene 
according as it has three, two or no sides equal. Each side of 
a spherical triangle may have any value less than two right angles 
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(Art 2. 2). If one*side is а quadrant, the triangle is called a 
quadrantal triangle? If two sides are quadrants, it is called 
biquadrantal, and if all the three are quadrants, triquadrantal. 

If one angle of a spherical triangle is a right angle it is ealled 
a right angled or right spherical triangle, If none ot its angles 
is a right angle it is called an oblique spherical triangle. И it has 
two right angles, it is called birectangular, and if all the angles 
are right angles, it is called trirectangular. 


2.5. Polar Triangle.* If a triangle is formed with the poles 
of the sides of a given triangle as its angular points, it is called 
a Polar Triangle with respect to the given triangle. Thus if 
ABC be a given spherical triangle and A’, B', C' be the poles of 
BC, CA and AB, then A'B'C' is the polar triangle of ABC. 
The triangle ABC is called the Primitive triangle with respect to 
A'B'C', Since there are two poles for each side, we should get 
eight such polar triangles with respect to the given triangle. 
But we call that particular one as the polar triangle, in which 
the poles A’, В’, С! lie on the same side of their polars as the 
opposite angles А, B, C. 


2.6. Theorem. If one triangle be the polar triangle of 
another, then the latter will be the polar triangle of the former. 


Let ABC be a given triangle and А’В’С! be the polar triangle. 
Join AB! and AC", 

Now since B' is the pole of АС, the arc AB' is a quadrant, 
and since C” is the pole of AB, the are AC’ is also a quadrant. 
Hence А is a pole of B'C', And since А and A’ lie on the same 
side of BC, АА’ is less thun a quadrant. Again as А ва pole 


* The properties of tbe polar triangle were discovered by Snellius 
(1591-1626 A,D.). His Trigonometria was published (postbumously) at Te à 
in 1627. | Ж 
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of B'C', and AA’ is less than a quadrant, A and А’ lie on the 


^ 





same side of B/C’. Similarly B is the pole of A'C' and C is the 
pole of A'B’, and B, B! lie on the same side of A/C’, and С, C' 
on the same side of A'B'. Therefore ABC is the polar triangle of 
A! B'O. 

2.7. Theorem. The sides and angles of the polar triangle 
are respectively the supplements of the corresponding angles 
and sides of the primitive triangle. 

Let M and N be the points of intersection of AB and AC by 
B'C' (see fig. of Art. 2.0). Then AM and AN ure euch a 
quadrant, because А is the pole of B/C’ ; and the angle A is 
measured by the arc MN. Again B'N and С’М are also 
quadrants. Hence | 

B'N + C'M = B'C'+ MN=z2 right angles, 
or В'С'==-—А. 
Similarly A'O'=n-—B and A'B'zzs—C, 
Again since ABC is the polar triangle of A'B'C', we have 
ВС=;-А!, СА=п-~ В!, and AB=x-C', 
Hence denoting the sides of the triangle A'B'C' by a’, b’, с", 


we have 


а'=п-А, b'—zr-—B, and c=r—-C, 


and A'zz—a, B'zz—b, and C'zz-—c, 


3—1613B 


= 





94 . SPHERICAL TRIGONOMETRY 


Note,—From the above property polar triangles are also termed 
Supplemental triangles. Any theorem involving the sides and angles of a 
spherical triangle necessarily holds good for the polar triangle alao. Hence 
for any such theorem there is a supplemental theorem involving the opposite 
angles and sides, and it is obtained by changing the sides and angies of the 
origina! theorem into the supplements of the corresponding angles and sides 
respectively, 

2.8. Theorem. Any two sides of a spherical triangle are 
together greater than the third side. 

Let ABC be a spherical triangle and O the centre of the 
sphere. Now any two of the three plane angles forming the 
solid angle at O is greater than the third. Thus 


ZAOB+ ZBOC>ZAOC 


| AB BC AC 
or, OX O4 Эд 


that is, the sum of the ares AB and BC is greater than the 
arc AC, 


Cor. Any one side of a spherical polygon is less than the 
sum of all the others. 


EXAMPLE 


Shew that the difference of any two sides of a spherical triangle is less 
than the third side. 


2.9. Theorem. The sum of the three sides of a spherical 
triangle is less than the circumference of a great circle, 

Let ABC be a spherical triangle, and O the centre of the 
sphere. The sum of the plane angles AOB, BOC and COA 
forming the solid angle at О is less than 2r, 

xi AB , BC , CA 
:.6., | —— 0A TIS 2m 
or - AB+BC+CA < 22.04. 
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Thus the sum of the sides is less than the circumference of 
a great circle. The angular measure of the sum of the sides is 
less than four right angles. 


Aliter. 


C 

Let the sides AB and AC be produced to meet а tbe point 
A’, Then the ares АВА! and АСА! are semicircles. Now any 
two sides of the triangle A'BC are together greater than the 
third. Hence we have 

A'B+A'C > BC, 

Therefore, AB+A'B+AC+A'C > AB+BC+AC 
or, АВА + АСА > АВ+ BC+CA, 


i.€., the sum of the sides is less than the circumference of a 
great circle. 
Note.—The above proposition can be easily extended in the case of polygons. 


2.10. Theorem. The sum of the three angles of a spherical 
triangle is greater than two right angles and less than six right 
angles, 

Let ABC be a spherical triangle. Since each of the angles 
A, B and C is less than z, we have 


A+B+C < Зл. 
Again a!+b!+c! < 2s, where a’, b’ and с’ are the sides ої 
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the polar triangle of ABC. But а'=л- 4A, b/zz— B, сал 0 
(Art. 2.7). 


Hence, T—À-z—B-c-z—0 < 27 
Or, A+B+C> я. 
Thus л <A+B+C < дл. 


2.11. Theorem. The difference between any two angles of 
a spherical triangle is less than the supplement of the third 
angle, 

Let ABC be a spherical triangle and А’В’С’ be its polar 
triangle. Now any two sides of A'B'C' are together greater 
than the third, 


Hence, a! 4- b' > с! 

Or, л-А+л- В > л- (б 
1:6... А+ В < т+0 
апа А+ В- 0 < пт, 

Hence, A—C < п-– В, 
and B-C < п-А, 
Similarly, А-В «—5-—C. 


This theorem gives the limit of the third angle when two 
angles are given. 
EXAMPLES 


1. Given two angles of a spherical triangle to be 145? and 80°, find the 
limit of the third angle. 


Here A=145° and В=80* 
Hence 145°—80°=65° < *-С, 
or С < 180* —65*, ie., less than 115°. 


2. If the difference between any two angles be 90°, shew that the remain- 
ing angle is less than 90°, | 

3, Shew that the difference of the oblique angles of a right-angled triangle 
is less than a right angle. 

4. Shew tbat the sum of the angles of a right-angled triangle is less than 
four right angles. ! 
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2.12. Lune. A Lune is a portion of the surface of a sphere 
enclosed by two great semicircles. Thus in the figure, the 
semicircles ABA" and ACA" enclose a lune, А” is the point 
diametrically opposite to A. 


А 


Ду: 
The angle BAC is calied the Angle of the Lune. The triangles 


АВС and A"BC are called Colunar Triangles, because they 
together make up a lune. 


The area of a lune can be easily expressed in terms of its 
angle, 


for Ares ot Lune _ Angle of Lune 
| Area of Sphere Әт 
Or, Area of Lune = 4z7? 2 m 2412, 
z 


where r is the radius of the sphere and A the circular measure 
of the angle BAC. 


If B" and C" be points diametrically opposite to B and C 
respectively, we get two other colunar triangies of ABC, namely 
В"СА and C"AB. (See fig. of Art. 2.18). 
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2.13. Antipodal triangles. If the points А”, B" and С" 
diametrically opposite to A, B and C respectively be taken to 
form a triangle, the triangle A"B"C is called the Antipodal 
triangle to ABC, 


P 





The ares AB and A"B" join diametrically opposite points. 
Hence they are parts of the same greut circle and are equal in 
length. So also the ares AC and A"C" are equal, as also the 
ares BC and B"C", Again the angle A is equal to the angle A” 
for they are comprised by the great circles ABA"B" and АСАР”. 
Similarly В = В" and C=C". Hence the triangles ABC and 
A" B"C" have all their elements equal. If the triangle A" B"C" be 
shifted from its place on the surface of the sphere till B" falls 
on B and C" falls оп C, the point A” will not fall on A but will 
lie on the opposite side of BC. That is the triangle A"B"C" jg 
not superposable on triangle ABC. Such triangles are called 
symmetrically equal* as distinguished from identically equal or 
congruent triangles which are superposable on each other. 





oc 


І 
" This term із due to Legendre (1752-1833). See bis Eléments de 
Géomdi rie, Paris, VI, Def. 16, 1794. 








л" uw, 
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S2 
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2.14. Two triangles on the same sphere аге equal (symmetri- 
caily or identically) when they have the following elements of 


one triangle equal to the corresponding elements of the other ‘ 
triangle: 


(1) Two sides and the included angle, 
or, (2) Three sides, 
or, (8) Two angles and the adjacent side. 
or, (4) Three angles. 


The eases (1) to (3) are anaiogous to plane geometry, but (4) 
has no such analogue. It № derived from (2) by the considera- 
tion of the supplemental triangles. 


2.18. In this and the following articles are given some 
theorems of plane geometry which hold good in the case of 


spherical triangles аз well. One such case has already been 
dealt; with in Art. 2.8. 


Theorem. The angles at the base of an isosceles spherical 
trangle are equal, and conversely, if lwo angles of a spherical, 
triangle are equal, the opposite sides are equal. - 

Let ABC bea spherical triangle. of which the sides AB and 
AC are equal, Take D to be the middle point of AC. Join AD 
by a great circular are. Then the triangles ADB and ADC 
have their corresponding sides equal, each to each, and therefore 
they are symmetrically equal. Hence the angle В == the angle C. 

For the converse case, take the angle B=the angle C, and 
let A'B'C' be the polar triangle of ABC. 


Now Y b'—z—B and с'==т—0, 
and as B=C, we have b/2c'; hence B'z(", 
Again һ=х—В' and cz s - C', 


Theretore bec, i.e., AB and AC are equal. 
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2.16. Theorem, If опе angle of a spherical triangle is greater 
than another, then the side opposite to the greater angle is 
greater than the side opposite to the less, and conversely, 

A 


D 


Let ABC bea triangle of which the angle А is greater than 
the angle B. Draw a great circular arc AD making the angle 
BAD —the angle ABD. Then the arc AD =the are BD. 

But in the triangle ADC, AD + DC > AC, 

Therefore Вр + РС, i.e., ВС > AC, 

The converse case is easily proved with the help of the polar 

, triangles. 


EXAMPLES 


1. When does a polar triangle coincide with the primitive triangle? 
Ans. When each element equals фт, 

2, If two small circles on a sphere touch each other, shew that the great 
circle joining their poles passes through their point of contact. 

J. If a triangle is equilateral, shew that its polar triangle is also 
equilateral. 

4. If two sides of a spherical triangle be quadrants, shew that the angles 
at the base are right angles, and conversely. 

5. If all the sides of a spherical triangle be quadrants, ail of its angles are 
right angles, and conversely. | 

6. If two sides of a triangle are supplemental, shew that the opposite 
angles are also supplemental. 

7. If two sides of a triangle are supplemental, shew that two sides of its 
polar trinngle are also supplemental, 
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8, The angles of a spherical triangle are 90°, 90° and 270°. Compare its 
area with that of the whole spherical surface. Ans. 3:8. 

9. Тһе base of a spherical triangle is given: find the locus of the vertex 
when the sum of the other two sides is equal to two right angles. 

Ans. A great circle having the middle point of the base as pole. 

10, Prove that the colunar triangles of any right spherical triangle are right 
spherical triangles. 

11. Prove that the colunar triangles of any quadrantal triangle are 
quadrantal. 

12. Prove that the colunar triangles of an equilateral spherical triangle 
are isoaceles. 

13. Prove that the polar of a right spherical triangle is quadrantal, and 
conversely, that the polar of a quadrantal triangle is a right triangle. 

14. Prove that the polar of a birectangular triangle is biquadrantal, and 
c onversely, that the polar of a biquadrantal triangle is birectangular. 

15. Prove that a trirectangular triangle 18 its own polar. 

16. If the sides of a triangle are each less than 90*, it lies wholly within 
its polar; and if each of its sides is greater than 90", its polar lies wholly 
within it; 

17, Shew that no isosceles right spherical triangle can have its bypotenuse 
greater than 90” nor its acute angles less than 45°. 
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CHAPTER III 
FORMULAE or SPHERICAL TRIANGLES 


3.1. Fundamental Formulae, Cosine Theorem. Expression 
for the cosine of an angle in terms of the sines and cosines of 
the sides. 


A 


D 
Let ABC be a spherical triangle and O the centre of the 
sphere. At A draw the tangents AD and AE to the arcs AB 
and AC respectively. They lie in the planes AOB and AOC 
respectively. Let them meet OB and OC produced at the points ‘ 
D and Е. Then the angle EAD is equal to the angle A of the 
spherical triangle. Join DE, 
From the triangle DOE, we have 
DE*=0OD* + OE* -20D.O0E cos a. 
Again from the triangle DAE, we have 
DE* = AD" + AE* -2AD.AE cos A. 
Hence by subtraction we have 
0— 0D*—AD* -OE?*—AE* -2AD,AE cos A 
-20D.0Ecosa . 
=2 0А*+2 AD.AE cos A—2 OD.OE cos a, 
for the angles OAD and OAE are right angles. | 





№ 
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Therefore, cos а= Од. Од + AB AD cos A, 


OE OD OE OD 


lê., cos d=cos b eos c - sin b sin c cos А. 


d 


Similarly, cos b cos c cos a + sin c sin a cos В, 


and cos C=cos a cos В+ sin a sin b cos С. 

Hence cos A= C08 @—608 b cos с 
sin b sin c 

сов B= 08 b—cos с cosa 
sin с sin а 

— cos а cos b 

and oon C= 008.6 | cos A 8 0 
sin а sin b 


The above relations are the fundamental formule* of the 
spherical trigonometry. All other formulae can be made to 
depend upon them. | 


* The cosine theorem was implied in the rules of ancient Hindu Mathe- 
maticians for finding the time-altitude and the alt-azimuth equations and the 
diurnal motion, and was used by them to solve spherical triangles, Cf. Райса 
Siddhantika, IV, 42-44, by Varahamihira (505.587) ; Brahma Sphüta Siddhanta, 
III, 26-40, and Khandakhddyaka, III, 13, by Brahma Gupta (born in 598 
А.р.); and Stiryasiddhanta, ПТ, 34-35 (written about the 4th century). It was 
exhibited in a systematic form by the Ggrman Mathematician Regiomontanus 
(1436-1476) in 1460 and afterwards by the Danish Astronomer Tycho Brahe 
abcut 1590. Euler also gave a proof of the theorem in his Mémoires de Berlin 
in 1753. Some are of opinion that it was discovered by Albategnius (900 A.D.) 
who in fact borrowed it from the Hindu Astronomy, 


+ As was shown by Lagrange (1736-1813). See also Gauss (1777-1855), 
Сез. Werke, Vol, ТУ, p. 401. 


3 
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3.2. On referring to the figure of the last article it is seen 
that the angles AOD and AOE are acute angles, and hence the 
arcs b and c containing the angle A are each less than a 
quadrant. No such restriction, however, has been placed upon 
the arc a, so that a may be greater than, equal to, or less than 
a quadrant. We shall now show that the above formulae apply 
to all spherical triangles whether the arcs be greater than, equal 
to, or less than a quadrant. 


(1) Let one side b be greater than a quadrant. 


A 
— 


B 
Produce CA and CB to meet at С’. Then C'A-z—b, and 
С'В =т-– а. Hence from the triangle ABC’, we have 


cos BC’=cos AB cos А0! + sin AB sin АС!’ cos BAC’, 


or cos a=cus b cos c-r sin b sin c cos A. 


(2) Next let b and c be each greater than а quadrant. 
B 


C 


Produce AB and AC to meet at A’, Then from the triangle 


A'BC, we have 


+ 








JH 


Р 
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cos BC = сов A'C cos A'B + віп A'C sin A'B cos A’, 
or cos @=cos b cos c+sin b sin с cos A, 
for | A'C=n—-—b, А!В=х—ос and A=A’. 
(3) Thirdly, let b be equal to a quadrant. 


From AB or AB produced cut off AD equal to а quadrant. 
Join CD, 


A 


D C 
n C 
В 


Now if CD be а quadrant, C will be the pole of AB, and the 
formula becomes 0=0. 


If CD be not a quadrant, we have from the triangle BCD, 


cos &= eos BD cos CD + sin BD sin CD cos BDC=sin c cos A 
for eos BDC —0. 


The formula also reduces to this when б=т. 
(4) Lastly, let b=c=4r, 
Then our formula reduces to 
cos a=cos A, 
as js otherwise evident, since A is the pole of BC. 


Thus A=a. 


Thus the cosine formula is universally true. 





46 - SPHERICAL TRIGONOMETRY 
3.3. Expression for the sine of an angle, 


7 bc 
We have СБа А 222106 908:9 COS € 
sin b sinc 


)2 
| а— сов b | 
sin?A=1— {©08 a—cos b cos c 
A sin b sinc | 


_sin?b sin?c— (cos a —cos b cos c)? 
оиа томат — — — 
sin?b sin?c 


— (1 —cos?b)(1—cos?c) — (cos a — cos b cos c)? 
sin?b sin?c 


' _ 1— с08?а — cos?b — cos?c +2 сов a cos b сов c 
sin?b gin?c 


or sin А У {1— со5?а —cos?b — cos?c + 9 cos a cos b cos c} 
sin b sin c 
Ав вїп А, sin b and sinc are all positive, the radical must 
be taken with the positive sign. 
For the sake of brevity and owing to the importance of the 
expression under the radicai sign, we put 


4n? =1 —cos?a — cos?b — cos?c +2 cos a cos b cos 6, 





80 that. sin inc m4. sin Bz MEN. ы 
sin b sinc sin c sin à 
and | sin С=— — а 
sin a sin b 


nis called the norm of the sides of the" spherical triangle.* 
2n is ealled the sine of the spherical triangle ABC.+ 


* This nomenclature is due to Professor Neuberg of Liege. 


+ Due to Professor Von Staudt (1798-1867). See Crelle's Journal, XXIV, 


1842, p. 252. 


T 


> 
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3.4. From the value of sin A, we have at once 





sin À sin B sinC — 2n 
ч = — — — C CENSELLONOT — 
sin à sin b sinc sin asin b sinc 


i.e., the sines of the angles of a spherical нон are propor- 
tional to the sines of the opposite sides. 

Owing to the importance of this result, we give an indepen- 
dent proof of it in the next article. 


3.5. Rule of Sines. The sines of the angles of a spherical 
triangle are proportional to the sines of the opposite sides. 





Let ABC be a spherical triangle and О the centre of the 
sphere. From A draw AX perpendicular to the plane BOC, and 
АУ and AZ perpendiculars on OB and OC respectively. Join ' 
OX, XY and XZ, 


Then since AX is perpendicular to the plane BOG, it is 
at right angles to OX, XY and XZ. 


Hence 0422 0X? - AX?, AY2=AX2+XY2 
and AZ? — AX? + XZ?, 
Also 042 OY? + AY? 2 OZ3 4 А72. 
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Therefore, 0X220A?— AX? —0Y? + AY? —AX? 2 0Y? + ХҮ?. 
Similarly, ОХ2= 042 — AX? 072 + AZ? - AX? = 02° + Х2?. | 


Thus XY and XZ are at we angles to OB and OC respec- 


tively. 
о» since AY and XY агё in the planes ОАВ and OBC 


respectively, and are at right angles to their line of intersection 
OB at Y, the angle AYX measures the angle B of the spherical 


triangle (Art. 2.8). Similarly angle AZX measures the angle C. 
Hence АХ=АУ sin AYX=AY sin B=OA sin c sin B 


and AX=AZsin AZX=AZ sin С= ОА sin b sin C. 
Therefore sin В _ sin С 


sinb sinc 
Since B and C are any two angles of the spherical triangle, 
it follows that 
sin А Е. sin В = dnt 
sin d sinb' sinc 





3.6. Analogous formulae in Plane Trigonometry, 





The sine end cosine formulae in the previous articles bear some resem- 
blance to the corresponding formulae in Plane Trigonometry. The resemblance 
is not accidental. То fact, the -latter can be derived from the former when 

» keeping the vertices of the spherical triangle fixed, r, the radius of the sphere, is 
taken to be infinitely great, „Гог then the great circular arcs reduce to straight 
lines, and the spherical triangle wili approach as a limit the plane triangle 
having the same vertices, and tbe limiting form of the proposed formula becomes 
the formula for Plane Trigonometry. 

Let а, В, у be the org of the sides of tbe spherical triangle ABO, then 





; AL * This theorem — in а different. form in the 3rd book of the — 
. ef Menelaus of Alcxandrià (100 A.D.. It was also known to АЫ Wefa 
» (940-998) of Arabia and possibly to his contemporary Abo Násr. 


Е Е 
- - 
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= Р, z чате the circular measures of the sides, r being the radius of the 


sphere. From Art. 3.1 we have 


a Ba 
| cos == cos —cos— 
в А = £08 @—с08 b cos c т pit. 
ain b sin c B 
| sin— sinh | _ 
f I KA 
Expanding the sines and consines in series, we get _ 








а? В? | у? 
е) o =.) 
Вр — 


Hence, retaining terms involving only up to and taking r to be infinite, l 


В? + y? — g? 

By ' 
which is the expression for the cosine of an angle in terms of the sides in Plans 
Trigonometry. 

Similarly for the sine formula, we have 


we lave cos A= 





sin— 
sin A _ sina = т 
ain B ain b . t8 
sin — 
which-on expansion becomes | 
3 
Le ыл 
г 317 22 ,a(8*—a"), 
B 1 В? B 68r* 
* apr? "ГТ А 
* Е 
— taking r to be :nfinite, we have 
sin A a 
sin В j^ 


denina plane triangle the sines of the TA are proportional to the opposite 
sides.” 


an 


x This formula is implied in Khandakhüdyaka, VI, 1, by Brahmagupta. - 
Bee the English edition by P. C. Sen. Gupta, p, 115. 


4—1613В 


Е 
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3.7. Distance between any two places on Earth's surface. 


Let А and B be two places on Earth's strface aod let their 
latitudes and longitudes be !,, l, and A,, A, respectively, Take 
P as the pole of the Equator and draw two secondaries to it. 
through А and B, meeting it at a and b respectively. 





Then Aazl,, Bb=1, and abzA,—A, 
Now from the triangle PAB, we have 

cos AB —cos РА cos PB +sin PA sin РВ сов АРВ, а 
or, denoting the аге AB by à, we have 


— 





cos §=sin l, sin 1, + сов І, бов l, сов (А-А)... (1) ^ 


This formula can be put in another form, from which à can 
be obtained when А and B are very close to each other. For 
we have v 


= 
сов б= sin I, sin l { сов? (А, —A,) +sin*$(A,—A,)} 
+ cos l, cos l,{cos?$(A, — A;) — sin?3(A, —A,)} 


= сов (I, —1,) сов? HA, —Л.) — cos (1, +15) sin’}(A, —A,). 


А. 
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Subtracting this from 


= Сов? А, — À4) * sin* (Л.А), 
we get . 
sin? 38—c0s* 4(A,—A,) sin? 1(l, —1;) 
+sin? $(A,—A,) cos? à(1, +l), ... (2) 
Hence when A and B are very close together, the approxi- 
mate value of 8 is given by 


§2= (1, —L,)* + (А, –А,)еов У + l3). — 6 


EXAMPLES WORKED OUT 


Ех. 1. И D be any point in the side BC of a triangle ABC, sbew that 
cos AD sin BC=cos AB sin CD + cos AC віп BD, 


_ cos AB—cos AD cos BD 
We have cos SE AD TE, x 


_ cos AC—cos AD cos CD 
ond ми Ae = sin AD sin CD | 
But cos ADB- —cos ADC. 
Hence cos AB sin CD + cos AC sin BD 
7 M =cos AD (sin BD cos CD+coa BD sin CD) 


=соз AD sin BC. 
Ez.9. In any triangle, shew that 


sin (A+B) _ cos arcos b 


sin С 1 + соз с 
‚9. 
sin (A+B) sin А cos B-r-cos А аш B 
We have — ЕЕ, А ВИС С. 


_ ©08 b—coa a fos c сов а —сов b cos c 
sin*c sin*c | 
[by Arts, 3.1 & 3,4 
cos à-Fcos U 
14-086 | 
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Ez, 3, Ifa, B and y be the arcs joining the middle poinis of the aides of a 


spherical triangle ABC, shew that 


me  —————P— ap CO аан Нь à 


The arc @ joins the middle points of b andc. Hence we have 
cos a-cos 35 cos kc-- sin $b sin $c сов А 


сов a—cos b coa c [by Art. 3.1 


=cos $b cos lc-- sin 15b sin de. SE ZA 


_ (1+-cos bM1--cos c) +cos a—cos b cos c 
4 cos kb cos ke 


.1--cos а--с08 5 +-сов с 
4 cos jb сов $e 


соза _1+cos a+cos b+cos c 
cos ja — 4. cos 4a соз 4b сов фс 
Similar expressions are obtained for cos 8 and cos y. Hence the result. 
Ez.4, In a spherical triangle ABC. great circular ares а, B and y are 
drawn from the vertices A, Band C perpendicular to the opposite sides and 
terminated by them. Shew that 
зіп à sin a=sin b sin 8=sin c sin у 
= '(1—cos*a —cos*b —cos*c4-2 cos a cos b соз с) 
(C.U., M.A. 4 M.Sc., 1932;) 
E.- 








J 





— 
ча» 
CENTRAL Y 
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Let а, В and y meet the opposite sides т D, E and F respectively. Then 
from the triangle ABD, ` 


we have 
sin а= вір c sin В, by Art. (8,4). 


ain а sin а= віп а sin B sin c. 
Similarly from the trisngles BEC and BFC, 


we have 
sin B—esin а sin C 


and 
sin y=sin а sin В. 


Hence sin а sin a—ain b sin 8=sin c sin y=sin a sin b sin C, 
` 


\ | 2п 
=sinagsin 0 —————— 
sin a sin b 
= 2n 


= V/(1—cos*a —cos*b —cos*c--2 cos а cos b cos c). 

Definition, The length of the great circular arc, drawn from the vertex 
of а spherical triangle prependicular on the opposite side and terminated by it, 
is called an Altitude of the triangle. "Thus in the above example a, В and у 
are the three altitudes of the triangle ABC. 


The above example shews that 


The product of the sine of a side and the sine of the corresponding altitude 
has the same value, whichever side be taken. 


Ет. 5, "Two ports are in the same parallel of latitude, their common latitude 
being ! and their difference of longitude 2A; shew that the saving of distance 
in sailing from one to the other on the great circle, instead of sailing due east 
or west, is 


2r {A cos i—sin- (sin А cos 1}, 


— 


A being expressed in circular measure, and r being the radius of the earth. 
(C. U., М.А. & M.Sc. 1931.) 
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E 





Let a and b be the two ports and let them be on the same parallel of lati- 
tude ab. Then P, the pole of the small circle ab, is also a pole of the equator. 
Through P draw great circular arcs PaA and PbB to meet tho equator at A 
and B. Then AB is the difference of longitude. 





Let the arcual distance ab along the smal) circle be s and along a great 


circle be d, so that their respective circular measures are —and T 
Now by Art. 1.16 arc ab =cos 40а = соз 1. * 
arc АВ 
4 —=2^ cos |, 
- a _ "E T i ' 
Again сов – --COB. (инь (7-1) co ЗА 
г Є. 2 
-gin*i--cos*! сов 2A, 
Hence 2 sin’ = moos? 1—cos* | cos 24 —2 cos*l sin Ae 
n sin. ooa [gin A 
ar 
ax Ü cis s 
| — -gin^* (coa Í sin A). 
2r 


С 


Hence the required saving of distance 8 — d 
=2r А cos 1—2 г віп"! (sin A cos l) 
=2r {А сов 1— sin^* (sin А cos /)}. 
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EXAMPLES 


1. If A=a, shew that B and b are equal or supplemental, as also C and с, 


2. The base BC of the triangle ABC is bisected at D. Shew that 


(i} cos AB+cos AC —2 cos AD. сов BD. 
(i sin BAD: sin CAD —ain b : sin c, 


— 


3. In an equilateral triangle, shew that 
(i) sec А=1+ вес a. 
(ii) 2 cos 4a sin 34-1. 
(iii) tan? da =1- @соз А. 
4. Ifa’, b’, с’ denote the sides of the polar triangle of ABC, shew that 
sin a: sin b : sin c—sin а’: sin b^ : sin с". 
5. If an angle of a triangle be equal or supplemental to the opposite side, 
shew that 
1 — вес?а — sec?b — зес?с +2 вес a sec b sec c=0), 
6. If 8 be the length of thearc joining the middle point of the side АВ 


with the vertex C, shew that 
cos a+cos b 

2 сов фс '' 

7. The base BC of the triangle ABC ia bisected at X, and a point Y is 
taken on BC such that the {ВАХ = / САУ. Shew that 


cos 5 = 


sin BY : sin CY —ain'*c : sin?b. 
8. Ina triangle АВС, a, B, y are drawn perpendiculars from the vertices 
A, B, C on the opposite sides, Shew that 
(i) sin a cos a= v{cos*h-+cos*c—2 cos a сов b cos c], 
(ii) sin b соз B= ^/[cos'a--cos*c —2. cos а cos b cos с}, 
(їй) sin e eos y= v [cosa 4- соз? —2 cos a соз b сов с}. 
9. Prove that 


8n! = зіпїа віп?) sinc sin А sin В sin С. 
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10. In any triangle. shew that 
sin (4— В) _ cos b—cos a 
ain C 1—соз с 


11. На be the are joining the middle points of the sides A'B and A'C of 
the colunar triangle of ABC, shew that 





= 
l--cos а—соз b—cos с 


4зіо $b віп ёс ` 
12. Ша, B and y be the ares joining the middle points of the sides: cf а 
spherica! triangle, shew that when опе of them їз а quadrant, the other two 
are also quadrants. | 
13. A port is in latitude 1 (North) and longitude A (East), Shew that the 
longitudes of places on the Equator distant $ from the port are 


— (=) 
ne cos Í 


(Science and Art Exam. Papers.) 
14. Two places on the Earth's surface are distant, one 8 from the Pole and 
the other 8 from the Equator, and their difference of longitude is ф; shew that 
the angular distance between them is 
сов”! (sin 20 соз? 39), 
(Science and Art Exam. Papers.) 
3.8. Expressions for the sine, cosine and tangent of half 
an angle in terms of sides, 


cos a = 


We know that cos A=1—2 sin? 14, 
Hence, sin? 4A= сов A 


T. [1-55 а— сов b cos c 
sin b sine © 


[by Art, 8.1 
сей | cos (б—с)—сов a | 
2 i віп b sinc — 


ы s g(a b - c) sin (a — b +c) 


3 ‘sin b sin c С 


Ж 





FORMULAE FOR HALF ANGLES 


Put 2s-a-rb-c, then s denotes the half of the sum of the- 


sides of triangle, and 
a+b—c=2(s—c), a—b+c=2(s—b), 


— sin (s—b) sin (8—0) 


n^iAz i 
sin b sin c 


- 








у , г E * . x 
Hence, sin M=}? E s ban ens } 


Similarly, sin В = 4 \ мазе) ein (а-а) | ; 








апд sin 4C— 4| sin (s—«) віп (s— b) | 


sin a sin b 


sin b sin c 


1 [1+ ы 

| cos а — cos (b+c) | 
sinbsinc | 

_sin $} (a+b+c) за $ (b+c—a) 

sin b sin c 


_ Bin s sin (8— à) 
sin b sinc 


e ee [teen 





| "ie Е 
* Obtained by Euler 01707-1783). in 1769. 
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E [ sin 8 sin (s— b) 

S 1 ly 5 В = — — — 
imilarly, сов $ \ sin ¢ sin d 

sin 8 sin (s— c) 


s sees! 
and cos #0 N | sin а sin b 


From the above results, we get 
* 
| sin (8— b) sin (s—c) 
lan 44-4 С ш А i bad Ee 
N | sin 8 sin (8 — d) 
sin {s—c) sin (s—a) 


тран 
lan iB = 4 |  sinssin(s-b) _ 





sin (s — a) sin (s — b) | 
sin 8 sin (s—c) 


апа tan 4C= ү) 
The radieals in the results of this article must be taken with 
positive signs, since the half angles are each less than a right 
angle and hence their sines, cosines and tangents are all 
positive. 
Tangents of half angles can aiso be expressed in terms of 


the angular radius of the small circle inscribed in the triangle 
«ог its colunar triangles. See Arts. 8.2, 8.3 and 8.4. 


3.9. Again since sin А —2 sin a COS >, we have 


sin А= RE. [siu з sin (s —a) sin (s — b) sin (s—c)}?. 
Comparing it with the expression for sin A as given in Art. 
3.8, we get 
n? = sin з sin (s —a) sin (8 — b) sin (s —c) 
= 1(1—cos?a — cos?b — сов2с +2 cos а cos b cos c).t 
* Euler, i.c. , 
| These expressions for m are given by Euler in Novi Commentarii Petro- 


Мапа, Vol. IV, p. 158, - 
Po > р — 
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3.10. Analogous formulae in Plane Trigonometry. 


Taking а, 8, y to be the lengths of the sides of the spherical triangle, we 


a { A 
have — , 8 and Ý as their circular measures. Then 
eee | Г 


ea , 


а а } 
эме [teca — eet Pu, d 


sin b sin с sin В sin Y 


4 
r r 


where 2$5'—a--B-4-y, 


Hence expanding the sines and cosines, we have 


(=. 1 43 $—a 1 (s'—aY n 
vase pote г TB ri +... | 








Thus retaining only up to the second power of r and taking r to be infinite, 


we get | 
8 (s — a) 
cos 14 = / — 


for the relation for a plane triangle. 


— s^— Bys'—y) 
Similarly, sin} A= a/ MART UNE 
‚в — Bil! — y) 
and > tan] A= ^/ s'(s' — a) Y . 
` Again from the relation 
— 2n _ 2 [sin s sin ts—a1 ain (s— b) ain (s—c)}# 
Hp ————— = - 
зїп b sin с sin b sin € 


we get cain КОЛЬ а : 
so that the area of the plane triangle ABC is given by 


A = [s"(s’—a)(s’— B)(a* T 
This form is due to Heron of Alexandria (50 A Dj. 
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EXAMPLES 
In any spherical triangle, shew that 
1. tan }4 tan }B= ireo, 


9. cot 44: cot 4B : cot С = sin(s— a) : sin (s—b): sin (2—0). 


9. sin 5:4 00848 cos EC, i. 
sin 14 
4. вір (8 —а) = 10 28 sin 1C... а. 
sin kA 


5. віп з зіп а sin b ain c sin 34 sin ЗВ sin 30 = п?, 


cos kB sinc о 


6. = 
e к. cos С ain (s— b) 








7. sin !s—al-4-sin (s—b)+s8in (s—c)l—sin s=4 sin фа sin $b вір ġe, 


3.11. Expression for the cosine of a side in terms of sines 
and cosines of the angles. 


Let a’, b' and с’ be the sides and A^, В! and С’ the angles of 
the polar triangle of ABC. Then by Art. 3.1 we have 


cos а'==сов b! eos c' -- віп Б’ sin с! cos A’, 


Substituting the values of а’, b', с' and A’ from Art, 2,7, 
we have 


cos (т — А) = сов (x — B) cos (x — C) 
+ віп (z — B) sin (x — C) cos (z—a), 
that is, cos Az —сов В cos С + sin В sin C cos a, r, 
Similarly, сов В='—сов C cos A+sin C sin A cos b, 
and cos C= — cos A соз B +sin A sin B cos с. 
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These * can also be written as : 


cos A+cos B cos C 


COS а= : : 
sin B sin С 


Y 
cos В + соз C cos А 


Cos bz - — 
sin C sin А 


, 
cos U+cos А cos В ` 


and = 
* as sn Asn В . 


3.12. ; Analogous formula for plane triangle. 
When r the radius of the sphere із taken to be infinite, we have 
a 
сов а тїсив— =]. 


Hence the formula соз А = —608 B cos C + віп В ain C сова 
becomes соз А = —cos В cos C+sin В sin C 
so that В+0=т-А or А+В+б=т, 
showing that the three angles of a plane triangle are together equal to two right 
angles. 


3.13. Expressions for the sine, cosine and tangent of half 
of a side in terms of sines and cosines of the angles, 


1— а 
We have sin? а= 03 9 


= } }1 cos А + cos В cos C | 
sin В sin С | 


= 1} _ cos A+cos (В +С) 
2 sin B sin C 


= _ cos $ (A+ B + C) cos 4 (B+ C А) 
"WE IM ШҮ ae Owe ес. 


" These formulae are due to ihe French Mathematician Vieta (1540-1608) 
who published them in the eighth book of his Variorum de rebus mathematicis 
responsorum in 1595, 
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" Putting 28— A + B + C, we have 


sin a= м _ 908 б COS "pat 


sin B sin C 
with similar expressions for sin 4b and sin 4с, 


1 + cos a 


Again’ сов? 4a = С 


zd її cos А+сов В cos C 
| sm BsasinC ` 


sin В gin C 


= iE A+ cos (B-C) ar 
2 


_ Cos $(А—В+С) cos MA--B— C) 
sin B sin C 


_ СОВ (S — B) eos (5—C) 


sin В sin С 
Hence соз ja- и узи e (8 zx 2t 
A] t zi ү cos S cos (S—A) 
7j е7 М} eos (S— В) eos (SC C) |’ 


The radicals must be = with positive signs since ja is 


less than a right angle. 


It is to be noted here that the value of S lies between іл 
and ӧл, Hence the value of eos S is negative and the values of 
S—A,S—B and 8-0 lie between —1z and 7 (Arts. 2.10 and 
2.11) so that their cosines are positive, Hence the expressions 
within brackets are positive, so that the values of sin ha, cos фа 


and tan 4a are all real and positive. 
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Tangents of half sides ean be expressed in terms of the 
angular radius of the eireumcircle of the triangle or its colunar 
triangles. See Arts. 8.5 and 8.6. 

The above results eould have been obtained from the results 
of Arts, 3.1 and 3.8 by changing the sides and angles into the 
supplements of angles and sides. "They illustrate the proposition 
that if a theorem holds good between the sides and angles of a 
spherical triangle, the theorem will remain true when the sides 
and angles are changed into the supplements of tbe corresponding 
angles and sides respectively. (Art, 2.7, note.) 


3.14. Expression for the sine of a side. 
We have sin a —2 sin 4a cos $a 
Med rr 
sin B sin C 
We shall use the symbol N to denote 


— сов 5 соз (S—A) cos (S — B) cos (S- 0) 1*. 


( | 
і — cos S cos (8 — А) cos (S — B) cos (S — C) | і. 
n cn La Ы 
then sin TET — 
rre 2N ses 2N 
Similarly, sin b STA and sin oA RES 
. Thus 


2N —sin a sin В sin C=sin A sin b sin C=sin А sin B sin c. 

Nis called the Norm of the angles* of the spherical triangle, 
2N is called the sine of the polar triangle of ABC,+ 

" Due to Professor Neuberg. 


+ Due to Professor Von Staudt, Various expressions for N were give by 
Lexell in Acta Petropolitana, 1782, p. 49. 
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| ExAMPLES WORKED QUT 
Ет. 1. In any triangle shew that 
cos A+cos В _ sin (a+b) 
1—cos C sin с 

We have cos А = —cos B cos C+sin B sin С cos a 

and cos B= —cos А coa C+sin А sin С cos b. 
Adding these we get 
cos A+cos B. —cos С (сов A+cos B)+sin C (зіп B сов a+sin А cos b). 
whence, (cos A+cos B) (1--соз CI 
—sinlC. (sin b coa a+sin a cos b) [by Art. 3.4. 
ain c 


Thus cos А--сов B _ sin a+b). 
1—cos C sin С 
Ет. 2. If 8 and 0’ denote the angles which the internalzand external 


bisectors of the angle C make with the side 4B, shew that 


cos 0— 908 А == cos В 
2 cos 4C 


and 
Let 5 and 3’ be the lengths of the internal and external bisectors of the 


angle C and let them meet AB at D and E respectively, making with it the 
angles 9 and 9’, Then from the triangle ACD, we have by Art, 3.11 


5 608 A+cos 8 cos $C — 
ve: sin ô sin 1C 


Similarly from the triangle BCD, we have 
y. cos D —tos 9 cos 3C ; 
* sin 8 sin 4C » Y 
£quating these two values of cos 5, we зуе Yy 
є. 


g= 008 Асоз В 
= D cos С А 
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Again, from the triangles 4EC and BEC, we have 


_ Соз A+cos & cos #(т+ C) 
віп 8 sin dcr +C) 


cos 8° 


_ cos (r— B)--cos 8' cos jv — C) 
sin 8' sin $(r—C) " 





b e un cos А -+ cos B 
whence соз E EES Y, ET ifs ic 


EXAMPLES 


l. Ifthe side BC of the triangle ABC be в quadrant, shew that 
cos A+cos B cos C = 0). 


2, Inany triangle, shew that 
cos A~cos В _ sin (b—a) 
1+соз С ain € 
3, In any triangle, shew that 


cos A-+cos B 


in a=; 7 = 
рате тка sin (a—b) sin c=), 


d cos A—cos B 
"s PEE ETT С 
4. Inan equilateral triangle, shew that 


sin (a+b) sin cz 0. 


tan? la =1—2 cos A, 


9. Shew that 
4 N*-1—cos! A—cos? В—сов? C —9 cos А cos B cos C. 


б. Па, В, у be the arcs of great circles drawn from A, B, C perpendicular 
on the opposite sides and terminated by them, shew that 


le (i) sin A sin а=віп В віп B=sin C sin y=2N, 
' "lub sin a ain a=sin b sin B=sjn c sin у=9п, 
7, Prove that 
o^ sina — sinb sinc n 
А А siB об N° 


5—1619B 
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B. Prove that 
1 
ee as — 
gin à ein b sine 
сы ЗАТ: 
sin A sin B sin C 





and 


9, Shew that 
ƏN = (вір a sin b вір c sin? A sin? B віп? C) 

10. Shew that 
4nN =sin a sin b sin c sin A sin В sin C. 


11. Sbew that 


$ * 


—cos S | 
cos (8— A) E 


tan $b tan #с= 
19. Вһет that 
tan ja : tan 4b ! tan 3c -cos(S — 4) : cos(S— В) : cos(S— С). 
13. Shew that 


sin? a--sin? b--sin!c _ 1—cos а cos b cos c 
ain? A--sin? B+sin? С 1+cos А cos B cos C. 


| (Dubiin University Examination Papers.) 
14. Shew that 





cos (S— A) _ cos ib cos ic 


sin А cos ja 
15. Shew that d 
— à sin фа sin $b sin C 
cos йс 
— — 
2 сов ja cos 1b cos дс’ 
16, Shew that | 
cot фа cos (S—A)= соё 3b cos (S—B)=cot фс cos (S— C) N «Ў 


—cot фа cot Ib cot } — — 
cot фа cot $6 cot дс cot S 2 sin ўа sin jb sin dc ` 


> 
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3.15. Relations existin between two sides, the included 
angle and another angle. 
Cotangent formulae, In any spherical triangle, 


cot a sin b=cot A sin С + cos b cos C, 


We have 
cos а = eos b cos c+ sin b sin c cos A 


= сов b (cos a cos b-- sin a sin b cos C) 


sin b апа sin C cos А 
T ———————— ' 
sin A 


by substituting the values of sin c and cos c. 


Thus cos а (1— сов? Б) = віп a sin b cos b cos C 
+вш à sin b sin C cot A, 


or, cos а sin* b=sin a sin b (cos b cos C+ cot А sin C), 
iê., cot а sin b=cot A sin C + cos b cos C. 


By proceeding similarly we can get five other formulae, 
namely, 


cot b sin a— cot B sin С + cos a cos Q: 
cot b sin c=cot B ein A + cos c cos А; 
cot c віп b=cot C sin А + сов b eos А; 
cot c sin а= соё C sin В + eos а сов B: 
cot a sin c=cot’A sin В + cos c соз B. 


Of the four elements entering into any one of the formulae 
it will be noticed that one side lies between two angles and one 
angle is included оу the two sides, and if we denote them by 





~ 
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1 and 2, and the remaining side and angle by З and 4 respectively, 
all the formulae* are expressed in the form 








| sin 1 sin 2 
cos l cos 2 = 
cot 4 cot 3 
3.16. Relations between two angles and three sides. 
We have 
cos а=соз b cos c + sin b sin с cos А PUN GO 


Substituting the value of cos b, we get 


cos а= (cos € cos 2 + sin c sin a cos B) сов с 
+sin b sin c cos А 
= cos?c cos а + віп с sin а сов c cos В 
+ sin b sin с cos А. 
Putting cos?c =1—вт?с and dividing throughout by sin c, 
we have 
sin b cos A=cos a sin c —sin а cos c cos В. 


Similarly substituting the value of cos c in (1) and simplifying 
we have 
gin c cos A=cos а sin b —sin a cos b cos C, 


Two other such pairs are obtained from the expressions for 
cos b and cos c. 


Thus we get a set of six relations 


sin a cos B=cos b sin c—sin b cos с cos A; 
sin а cos C=cos c sin b —sin c cos b cos A; 
sin b cos C=cos c sin a —sin c cos a cos В; 
* Dr. Leathem states the formula in the form 
(cosine of inner side) (cosine of inner angle) 
=(sine of inner side) (cotangent of other side) 
—(sine of inner angle) (cotangent of other angle). 


{ ? 
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sin b cos A=cos а sin c—sin а cos c cos В: 
sin с cos A=cos a sin b —sin a cos b cos С; 
sinc cos B=cos b віп a—sin b соз a соз C. 


If we apply tbese formulae to the polàr triangle and put 
а= m — А!, ete., we obtain a set of six relations involving two sides 
and three angles. They are: 


sin A cos b=cos В sin (+sin В cos C сова; 
sin A cos c=cos C sin B+sin C cos B соза; 
sin В соз c=cos C sin A+sin C cos A cos Б; 
sin В cos a=cos A sin C + sin А сов C cos Б; 
sin С cos a=cos A sin B+sin А cos B cos c ; 
sin C cos b cos В sin A-- sin B cos А cos с. 

3.17. Napier's analogies. Law of Tangents, 

We have | 


„ап 4A tan 4C + tan 4B tan 4C 
A+B)t = ss 
n qs IRIS 1—tan ЗА tan 4B 


Substituting the values of tangents from Art, 3.8 we get 


| = sin(s — a) + sin(s — b) 
tan $(А + B) tan {С - sins-sin($—c) 


_ Соз À(a — b) 
cos (a +b)” 


3 _ сов (a — 0) 
Thus, tan 4(A+ B) tan 1C METRE AE — CL) 
Similarly, 
=: ~ = sin i(a— b) 
tan (4 — В) tan 4C aaah а) 


* 
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Again by substituting the elements of the polar triangle in 
(1) and (2), or proceeding as in (1) and (2) with tangents of half 
sides (Art. 3.13), we get 


tan 4(a+6) _ cos $(А-В) (8) 
~ tan fe cos МА +B). 1(A + B) sae +. = 

tan }(а— 6) _ sin 4(4— B) 

= “tango зш (A+B) ^ — 


The above four formulae are known as Napier's analogies.* 
Ав a, b and C are less than т (Art. 2.2), cos 1(a—b) and 
' tan $C are essentially positive. Hence іп (1) tan 4B) and 
cos \(а+6) must have the same sign. Therefore 4(A + B) and 
#(а+ b) must be either both greater than 1z or both less than 
iz, i.e., (4+ В) and 4(a+b) are of the same affection. The 
same result follows from (3) also. 


If we divide (1) by (2), or (3) by (4), we obtain the law of 
tangents for spherical triangles : 


— 
- 


(ап (A+B) _ tan 4(а+ b) (5) 


tan 3(А-В) tan $(a—b) ` 


3.18. Analogous law of tangents for plane triangles. 


Taking а, В, у to be tbe lengths of the sides of the spherical triangle, 
we have from 3.17 (5) 


tant t P *6 +. 
tan КА +В) _ tan (2+6) _ gr Or 84 ar 


tan 4(A—B) (ап jía— b) — a—-B,1lía—B 
tan—— — а; == — — s Ten 


* Napier (1550-1617) discovered these analogies and published them in his 
Mirifici — Canonis Descriptio in 1614. 


f 
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Multiplying both numerator and denominator on the right Бу 2r and making * 
infinite, we get 


tan MA-FB) a8 
tan (А-В) а-в 





which ів the law of tangents for plane triangles. 
3.19. Delambre's analogies, 


We have віп (A+ B)=sin ЗА cos 3B + cos 4A sin 1B, 
Substituting for sin $A, cos 4B, etc., their equivalents from 
Art. 3.8, we get 
(а В _ sin (s— b) + sin (s — a) sin 8 sin (8— C) 
—— sin € / sin a sin b 


_ sin (s— b) + sin (s— =a) os 1C 
gin с 


_ 2 sin фс cos (a — b) 


sin c — 

| sin (4 + B). cos (2—0) 
Hence sia 30 RU raga 
SÉ EE sin $(А-В) sini(a—-b) ^" — | 
Similarly ‚ "vob dc ov. 10 tinge es ** (2) 
cos $ (А + B) cos (a+b) (8) 

sin $0 сов 4с ^^ * 

cos I4 — B) _ um $ (а+ b) 

Ans С qo ede Ai isa 4] 


‘The above four formulae are known as Delambre's analogies 
and were obtained by him in 1807, though published afterwards 


«^ 
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in Connaissance des Tems., 1809, p. 443. Sometimes they are 
improperiy called Gauss's Theorems.* er 
3.20. Napier’s analogies can easily be obtained from those 
of Delambre. Thus dividing (1) by (8), and (2) by (4), we get 
{һе first two analogies of Napier. Similarly dividing (4) by (3), 
and (2) by (1), we get the other two analogies of Napier. 
Delambre's analogies also may be obtained from those of 
Napier. Thus squaring the first analogy of Napier, we have 
2 7 
tan? MA _ COS lla—b) 3 ; 
ап? 4(A + B) XO TERS cot? 4C 
Adding 1 to both sides, we get 4 
2 (A4 B _ сов? &(a — b)eos? 4C + cos? (a+ b)sin* 1C 
MR cos? (а + b) sin? 40 


_ {1+ eos (a — Б) cos? 1C +4{1+ cos(a+b)} sin? $C 
сов? $(a+ b)sin? $C 


cos’ $(a+b)sin? $C 


}(1+ сов с) _ 
сов? (a+ b)sin* 1C 


сов? ic 
cos? 4(a+b)sin? 4C 


сов (А+ В) _ cos Ma b) 
| sin 40 cos $e 
which is the third analogy of Delambre. 
Other analogies can also be obtained similarly, 
* According to Professor Simon Newcomb (1835-1909) these analogies were 
first published anonymously by Delambre (1749-1829), although Gauss (1777. —— ^ 
1855) was the first to make use of them in Spherical Astronomy. Gauss pub- 


lished them in his Theoria motus corporum coelestium in 1809 and Mollweide 
in Zach's — Correspondenz in 1608. 


whence 





ANALOGIES OF NAPIER AND DELAMBRE 73 


3.21. Deduction of the analogies of Napier and Delambre. 
We have from Art. 3.4 





sin A = sin B = sin C 
gin d sin b anc 
Бо ‘sin А+зт В _ зп С (1) 
віп а +sin b sinc ` 
Again we have from Ex. 2, p. 51, 
sin (4 + B) _ COS а + сов b (2) 





sin © 1+cos c 
And from the polar triangle of ABC, we get (Ex. 1, p. 64) 


(sin a--b) cos А + сов B 








sin С l— cos C e 
Hence 
gin A+sin B _ sn a+sin b sin С sin c 
cos А + cos B snc 1-—cosC sin (a+b) ’ 
or tan А + В) = 008 la- b) cot $C, 
eos i(a + b) 
which is Napier's first analogy. 
Again 
sin a-- sin b _sinA+sinB sinc sin О 
cos а+ cos b sin С `1++со5 с віп (A+B) 
{ р\ 205 (А-В) 
or an 4(a+6)= — АВ) tan àc, 


which is the third analogy oí Napier. 
On taking the negative sign in (1), the other two analogies 
are obtained in a similar manner, 
E 
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Next consider the colunar triangle A"BC where A" is the 
point diametrically opposite to A. For this triangle A and a 
are unaltered and the other parts are changed into their supple- 
ments, and (2) becomes (Ex. 10, p. 56). 


sin (А-В) _ cos b—cos a ‚.. (4) 
sin’ € l—cosc ' 


and from the polar triangle of A"BC, we get (Ex, 2, p. 65) 


вт (a—b) cos B—cos А (5) 
sin c l+cosC ” i 


Multiplying (1) by (5) we get 


віп A+sin B cos B—cos А _ sin a-- sin b sin(a— b) 


sin C ' A-«eos0 — ^ sine ' sinc 
sin? 1(A-4- B) sin (А-В) sina-sinb . * 
* эу тууту о . auo EN 
sin? 1(A-- B)  cos?1 (a— b) 
or, =A," b 
s cos? 1C cos? 1с Uy (D 


which is the first analogy of Delambre, 
Similarly muitiplying (1) by (3), and dividing by (2) we get 


сов 1(A — B) sin (a+b) 
sin 40 gin ge 


which is the fourth analogy of Delambre. 

On taking the negative signin (1) and multiplying it by 
(8) and (5) respectively, we get the remaining two susiogics 
of Delambre. 
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EXAMPLES WORKED OUT 
Ez. 1. If a spherical triangle із equal and similar to Из polar triangle, 
shew that 


(1) вес a=sec b вес c+tan В tan c, 


(2) вес? A+sec? В+ вес? (4-2 вес A sec В sec C=1. 
(Science and Art Exam, Papers.) 


(1) We have соз a=cos b cos c--sin b sin с cos A {by Art. 3.1 
| =cos b cos c-- ain b зір с cos (r—a) 
=cos b cos c—sin b sin с cos a 
for А=Л'=т—а. 


Dividing both sides by cos а cos b соз c and transposing, we get 
sec a —sec b вес c-- tan b tan c, 


(2) We have cos a =сов b cos c+sin b sin с cos A, 
or cos (m— 4)—cos (r— B) cos (т— Cj--sin (r— B) sin (т — C: cos A, 


{ота=т—А'=тх—А, etc. 


Hence —cos A=cos B cos C--sin В sin C cos A, 
or — вес B вес C —gec A+tan B tan C, 
or вес? A+sec? В sec? C+2 sec А sec В вес C —tan! B tan? C 
= вес? B вес? C — sec? B—sec? C 4-1, 
whence sec? А + вес? В --sec! 04-2 sec А вес В sec C —1. 


Ez. 2. Three great circles are drawn through a point P on the surface of 
а sphere, cutting the sides of the spherical triangle ABC and making with them 
the angles 91, Фу, Чл; 05, фо, Ya and 93, фу, фу respectively. Shew that 


cos 8; cos фу cos фі 
cos 04 cos фз cos ҷу |=0. 
cos бу сов $4 cos Va 


Let the three arcs cut the side a at tbe pointa L, M and N, and let PL and 
PN make the angles a and В with PM. 
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Then from the triangle PLM, we have by Art 3.11 





cos 6,--соѕ a cos PML соз 8, —с03 а соз 8 
| eh шше 008 1608 а COR — 
— sin asin PML sin a gin 4% 


Again from the triangle PMN, we have 


ons РМ = 00% 8,--cos B cos 9, 


sin В sin 6, 
Hence (cos 8, —cos а cos 84) sin ВЕзш а ' —cos 6,--cos B cos 9. 
ог, соз 8, sin 8-t-cos &, sin a=cos 6, sin (а4- 8). 
Similarly, соз фу sin В--с08 фз sin a=cos ф, зіп (a4-B., 
Bud cos V, sin B--cos Y; sin a=cos v sin (a+ B), 


Hence, eliminating sin'a, sin В and sin (a+8) from the three equations, 
we get 


сов Ó сов ф, cos yj 
соз бу соз фа сов y, |=0. 
сов 8, сов фу соз by 


Ez. 3, If two great circular arca are drawn! from the vertex C of в 
spherical triangle ABC, one perpendicular on АВ and the other bisecting the 
angle C, and $ be the angle between them, shew that 


= 508 (2—0) oA 
tan $ — tan 414 — B), 


(Dublin Univ, Exam, Papers.) 


* 


z 
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Let the perpendicular and the bisector meet 4B at D and E respectively. 
From the triangle CAD, we have by Art, 3.11 


cos A 


8 OF ЕТ 


and from the triangle CBD, we get 


ар сов В | 
uses sin (14-9) 


h cos A _ sin (4C—9) 
annt cos В sin (40+) 
Hann cos А—сов B. sin (4C — ф) — sin (3C 4- 
сов A+cos В sin (4C — $) +в (3C 4-9) ' 
or, tan (44+ B) tan 1(4 — B) =(ап ф cot 4C. 
Hence substituting the value of tan 4(4--B) from Napier'a first analogy 
f Art, 3,17) we have 


00 Ma — b) a7 yum 
lan $ соз KE EI tan 14 — В). 


Note.—Subatituting the value of tan 3:4 — B) from Napier's second analogy 
we get 


_ sin ¢(a—b) 
tan — — iab tan 3(A4 +B). 


Ea. 4, If d be the length of the arc through the vertex of an isosceles 
triangle, dividing the base into segments а and B, shew that 


tan ła tan 18-tan $ (0+5) tan 4(a4— 5), 


where a is one of the equal sides of the triangle. 


м (С.0., М.А. ё M.Sc., 1934.) 


Let ABC be an isosceles triangle having АС= ВС, and let 8 meet the base 
ABat D. Then from the triangle ADC, we have by Napier's third analogy 
(Art. 3.17) 


(a+3) =508 (2-4) 
where D represents the angle ADC, 
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Again from the triangle BDC, we have by Napier's fourth analogy 


tan $(а—5) — "ОВ, tan 48 


_ cos iDEA) 
cos D =A) 
Hence multiplying, we get 


tan $8. 


tan 318-85) tan 4a—5)—tan да tan $8. 


Ех. б. If a,b,c,d be the sides of а spherical quadrilateral taken in 


order, 5 and 5' the diagonals, und $ the arc joining the middle points of the 
diagonals, shew that 


cos d--cos 6-+-cos c+cos d 
—— FG RR с, 

Let the diagonals meet at P and let E and F be their middle points. 
Let PC and PD be denoted by z and z' so that РА =8—х and РВ=$'—х/.. 
Let the angle APB be 8. Then 

cos а= соз (8—2) cos (S —z') -Fsin (5—2) sin (8'— z') cos 8, 

cos b —cos (#'—@') cos z—ain (8’—2’) sin т cos 6, 

сов с=соз 2 cos 2 +sin z sin z' cos 6, 


snd cos d=cos (6— r) cos z'—sin (8—2) sin 2’ cos 0, 
Hence соз a+cos b+cos c+cos d 
= {cos 15 —2)--cos 2} (cos(8 —2') --cos z'] 
cos 8[sini—z!—sin 2} (sin()—2')—sin z'] 
= 4 cos $8 cos 45’ cos (35—2) cos (15 —z") 
+4 cos 8 cos 15 cos 38" sin (15—2) ain [15 — a"). 
Again from the triangle PEF, we have 
cos $:-cos (35 —z) cos (35' - z^") --ain (18-х) віп 135 — r") cos 8. 
Therefore сов a+cos b--cos ¢+cos d=4 соз $ cos 15 соз 38’, 


or = 08 0-F cos b-+c08 c-t-cos d 
x — 4 сов $5 соз 15' 
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EXAMPLES 


l. Inany spherical triangle, shew that 
cos а tan B+cos b tan A+tan C=cos a cos b tan А tan B tan С. 
2. Inany spherical triangle, shew that 
gin b sin c--cos b cos с сов A=sin B ain C— cos B coa C сов a, 
(Cagnoli.) (Dacca Uni,, 1934.) 
3, Prove that 


2 cos Ha+b; сов а —– Б) tan }c=sin b сов A+sin a cos B, 
and tan } (А-а) tan (B—b)=tan }(A—a) tan #08 b). 


4. If A=a, shew that 
_tan $6 „е tan de 
ten 36 1—tan 46 tan ёс 
(Science and Art Ezam. Papers, 1899; Dacca Uni., 1930.) 
5. Shew that in an equilateral triangle 
log sin $A+log cos 4a+log 2=0. 


6. If A and A’ denote the angles of an equilateral triangle and ita polar 
reciprocal, shew tbat 


cos A cos A°=cos A+ cos A’. 


(Science and Art Exam, Papers.) 
7. In any triangle, shew that 


сов A C98 2 sin b— sin à cos b cos С, 
sin с 


and cos A+cos В=? "in (a+b) sin? 4C. 


sin c 
BE. Prove that 


cos (B—C) _ tan ja—tan $b сов C—tan dc сов B 
cos (4A — CI ар $6 —tan Ja соз C—tan ġe ceus A ` 


tan cz: C9? А cot a+coa B cot b 
cot a cot b —соз А cos В ` 
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10. Ina spherical triangle, shew that 
: 1. 14-cos а – соз b —coa c 
$= Д), 
m 4 сов фа віп 46 sin $c 


1—cos А +- соз В -+- соз C £ 
4 sin 14 cos 4B cos MO 


and cos (s—a)= 
1l. Shew that 
cos? kc = соз? M(a — b) cos? 4C-+cos? Ya-- b) sin! 4C, 
and sin? jc —sin? 1(a — b) соз? 1C-- sin! 3(a-4- b) sin? 1C, 
12. Shew that 


tan? }a—2 tan фа tan $b cos C+tan® $b 


tan? 4c = | , 
—— 1+2 tan $a tan $b cos C+tan? ka tan! Lb 


E 1 — tan? 1а 2 tan фа | , 
Substitut — — [ОГ С — — 
[Rubstitute — ог соза and ап? ia for віп а, @tc., in the 
formula of Art. 3.1.] 
13. Shew that 
ain 4(B— C) 


Z tan Xa 








sin $B sin 1C 
[Substitute values for tan За, ес.) 
14, If 5 and 8° denote the lengths of the internal and external bisectors 
of the angle C of а spherical triangle and terminated by the side AB, shew that 


cot a 4- cot b 


cot = —__ 2, 
2 сов àC 


cot а = cot b 


nd jt ô = ees 
= om QeniáC " 


15. If 3,, ё; and 5, denote the bisectors of the internal angles of a spherical 
triangle, shew that 
cot 5, cos 4A --cot 54 cos 4B --cot 5; coa 1C —cot a--cot b+cot c. 
(Dacca Uni,, 1930.) 
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16. If 95, g and $'; denote the bisectors of the external angles of а 
spherical triangle, shew that 


y 
cot 8, sin }A+cot 84 sin 4B+cot 53 sin 1C =0). 


17. If s and s' are the segmenis of the base made by the perpendicular 
from the vertex C, and ø and с’ those made hy the bisector of the vertical 


angle, shew that 


8—8' 0—0“, 5 а—Ъ 
= iun te = ie 








(Dublin Univ, Exam. Papers.) 


18. If a ship be proceeding uniformly along a great circle and h, lg and hy 
a be the latitudes observed at equal intervals of time, in each of which the 
distance traversed is s, shew that 


з= г сова! sin 307 t [3 cos (1 — 1.) 


sin I 
r denoting the radius of the Marth. 


19. Иф denotes the angle between tke bisector of the vertical angle C of 
а spherical triangle and the perpendicular from C on the base AB, shew that 


510 (9—0) C 
мр те 8) 106805 


"n 20. If in any spherical triangle C — А 4- B, shew that 
l—cos @—соз b --cos с=0. 
21. If in any spherical triangle a+b=7-+-c, shew that 
1+cos A +сов В ~ сов C —0. 
22. If in a spherical triangle 5+ с=т, shew that 
sin 9B --sin 2C =0, 
(Басса Uni., 1932, ; 


23, ПА, B, Сапа D be four points on the surface of a sphere, and ө 
the angle between the arcs АВ ара CD, shew that 
cos AC eos BD —cos AD cos BC=sin АВ sin CD cos 8. (Gause,) 
6—1613B 
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24. If a,b,c and d be the sides of a spherical quadrilateral taken in order, 
8 and 3’ be the diagonals, and Y; and y; be the arcs joining the middle points of 
the opposite sides a and c, b and d, shew that 


Dos іў. C08 b+cos d + cos 8-Есов 3 
А 4 соз За cos $e f 


and сов ya  C08.0-- cos cos 8-+сов 8_ 
nt 4 cos $b cos Аа 


25. If one side of a spherical triangle be divided into four equal parts, and 
6,, %, 6; and 8; be the angles subtended at the opposite corner by the parts 
taken 10 order, then 


sin (8,-- 84) sin 85 sin 06,— ain (6-0) sin 4, sin &,. 
26. In an isosceles triangle АВС, each of the base angles is double the 
vertical angle ; shew that 
cos а cos a —cos (c+ ја), 


where а is one of the equal sides of the triangle. 
(London University Exam. Papers.) 


27. Па, b, c and d be the sides of a spherical quadrilateral taken in order, 
and 5 and 3° be the diagonals intersecting at an angle 9, shew that 


cos а cos c—cos b сова 


cos = - 
sin 9 sin 5° 


28, If y, and у be the arcs joining the middle points of pairs of opposite 
sides а and c, b and д ofa spherical quadrilateral, and ф the arc joining the 
middle points of the diagonals 5 and 8", shew that | 


cos V, cos да cos łc +cos фу cos 4b cos 1d — cos ф cos 18 cos 15' 
=} (cos §+cos 5:), 











CHAPTER IV 
RIGHT-ANGLED TRIANGLES 
4.1. Formulae for right-angled triangles. 


Let ABC be a spherieal triangle right-angled at C, and let 
O be the centre of the sphere. At A draw the tangents AD 
and AE to the ares AB and AC respectively. They lie in the 
planes АОВ and AOC. Let them meet ОВ and OC produced 
at D and E respectively, Join ЕР, 


A 


D 

Since the angle С is aright angle, the planes OCA and OCB 
are perpendicular to each other. Also the radius ОА is per- 
pendieular to both the tangents AD and AE, and therefore 
the angles OAD and OAE are right angles, and OA is perpendi- 
cular to the plane ADE. Also апу plane through OA is per- 
pendicular to the plane ADE. Hence the plane OCA is per- 
pendicular to the plane ADE. Thus both the planes ADE 
and OCB are perpendicular to the plane OCA, and so DE, their 
line of intersection, is perpendicular to the plane OCA. There- 
fore the angles OED and AED are right angles. 








Ms 04 _ 0A ОЕ 
OD OE OD 
that is, cos с= сов а cos b. ны 
А ain sin д DE _ DE OD _sina 
E AD OD AD sino 
that is, sin a=sin А sin c. ses (2) 
Similarly, sin b —sin В sim c. ‚52. ДӘ) 
"X АЕ. AE OA _ tanb 
Амо WW" 18. 0A AD. fano 
Or, tan b —cos A tan c. ves (4) 
Similarly, tan a=cos B tan c. s. D) 
DE ОЕ ОЕ _ tana 
And — AE ОЕ AE sinb 
that is, tan a—tan А sin b. — 
Similarly, tan b=tan B sin a. — te 
Multiplying together (6) and (7) we get 
tan Aten ра еен ты, 
sinasinb  cosacosb cose 
or, cos c=cot A cot B. — (9) 


Again dividing (2) оу (5) we get 


sin А _ віп А 
copB. v Coa 








cos а= cos a cos b, 


so that cos B=sin A cos b, ... (9) 


Similarly, from (8) and (4) we have v 
cos A=sin B cos a. a LORS. 
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The above ten formulae* will enable us to obtain the value 
of any element of a spherical triangle when two other elements 
(other than the right angle) are given. All the above formulae 
could be deduced from those of the previous chapter by putting 
С = jr, 

4.2. Some important properties. 

Since соз с=соз а cos b, it follows that either only one 
cosine ів positive or all of them are positive. Hence in a right- 
angled triangle either two sides are greater than quadrants and 
one side less than а quadrant, or all the three sides are less thar 


quadrants, 


Again since tan A= F ‚ № follows that tan А and tan а 
S 


are of the same sign. Hence А and a are either both greater 
than iz or both less than ія, i.e., A and a are of the same affec- 
tion. Similarly B and b are of the same affection. 

4.3. Napier's Rules of Circular Parts.T 

Napier has given two rules which include in them al! the 
ten formulae established in Art. 4.1. Не takes the two sides 
whieh inelude the right angle, the complement of the hypotenuse 
and the complements of the remaining angles, and calls these 
the circular parts of the triangle. Thus if C be a right angle, 
the five circular parts аге а, b, 14y—c, n-A and 1z— B. Не 
takes a circle and divides it into five sectors and writes one 

~ These formulae were known to the Hindu Mathematicians and were used 
by them to solve spherical right-angled triangles. See A. Arneth, Geschichte 
der reinen Mathematik, Stuttgart, 1952. Nasir ed-din al-Tusi (1291-1274) of 
Persia collected these formulae into a consistent whole in 1250. 

+ These rules are due to Napier, aud were published by him in his Mirifioi 
Logarithmorum Canonis Descriptio in 1614, He calls them theorems, and 
while he verifies them in the ordinary way, by testing each of the known 


relations between the parts of a right-angled spherical triangle, he exhibits 
their true character in relation to the star pentagon with five right angles. 
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circular part in each sector in the order їп which they naturally 
occur in the triangle. | 

Selecting any one of the five parts, and calling it the middle 
part, the two parts contiguous to it are called the adjacent 
parts, and the remaining two are called the opposite parts, Thus 
if 4х—с is taken as the middle part, then 1z — А and iz— B will 
be adjacent parts and a and b the opposite parts. 


4"-А 


Napier's Rules are the following :— 

(1) sine of the middle part=product of the tangents of the 
adjacent parts. | 

(2) sine of the middle part=product of the cosines of the 
opposite parts. 

For example, 


sin (17 с) =6ап (47 — Л) tan (12 — В), 


i.e., eos c=cot A cot В, 
which is formula (8) of Art. 4.1. 

Again sin (1z—c)- cos а соз b 
or, cos C=cos а cos b, 


which is formula (1) of Art. 4.1. 
For a proof of the above rules see Napier's Mirifici Logarith- 
morum Canonis Descriptio, 1614, pp. 32.35. 
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4.4. Quadrantal triangle. When one side ofa triangle is 
a quadrant, it is termed a Quadranial triangle. Evidently it is 
the polar reciprocal of a right-angled triangle, for if С=щ, 
we have c'—z—C-—iz, Hence the formulae for a quadrantal 
triangle are obtained from those of a right-angled triangle by 
changing the sides and angles into the supplements of the angles 
and sides. Thus we have the following formulae when the side 
с is a quadrant :— 


cos C + соз А cos B =0, ect ui) 
sin A=sin « sin С. — 2) 
sin В —sin b sin С, .. (3) 
tan A+cos b tan С=0. — (4) 
tan В + cos a tan (' = 0). —6 
tan A=tan а sin В. sce (9) 
tan B —tan b sin A. — [4 
cos С + соб a cot b=0. iii. L 
cos b=sin а cos B. x. (9) 
cos d=sin b cos А. ... (10) 


4.6. Trirectangular triangle. When all the three sides of 
a spherical triangle are quadrants, it is called a Trirectangular 
or Triquadrantal triangle, Evidently all its angles are also right 
angles (Ex. 5, p. 40). Thus in a trireetangular triangle the 
sides and the angles are all right angles. Each vertex is the 
pole of the opposite side, and consequently the are joining a 
vertex to any point in the opposite side is a quadrant. Since 
the angle between two radii of the sphere is equal to the arc 
joining their extremities, it follows that the radii from the 
centre of the sphere to the vertices of a trirectangular triangle 
are mutually at right angles. Thus in the figure of Art. 4.7 
the radii OA, OB and OC are mutually at right angles. 
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4.6. Direction Angles and Direction Cosines of a point. 

The angles which the radius to a point on the surface of the 
sphere makes with the radii to the vertices of a trirectangular 
triangle, at the centre of the sphere, are called the Direction 
Angles of that point, and the cosines of these angles, the 
Direction Cosines of that point. Thus taking ABC to be a 
trirectangular triangle and P any point on íhe surface of the 
sphere whose centre is О, we have the angles РОА, РОВ and 
POC as the direction angles, and соз POA, cos РОВ and 
cos POC as the direction cosines of the point P. Since the arcs 
PA, PB and PC measure the angles which OP makes with ОЛ, 
ОВ and OC, we can define direction angles as the angular: 
distances of a point on the surface of a sphere from the vertices 
of a trirectangular triangle on it. Thus the ares PA, PB and 
PC are the direction angles and cos PA, cos PB and cos PC are 
the direction cosines of the point P. 

Since the angles POA, POB and POC remain the same for 
all positions of P on the straight line OP, their cosines aiso 
remain the same. Thus we get the idea of Direction Cosines 
of the line OP referred to three rectangular axes OA, OB and 
OC in Solid Geometry. 

4.7. Theorem. If any point P on the surface of a sphere 
be joined to the vertices of a trirectangular triangle ABC by 
great circular ares, then will 


cos? РА + сов? PB+cos? РО=1 


ie., the sum of the squares of the direction cosines of a point 
on the surface of the sphere is equal to unity. 
We have by Art. 3.1 | 
cos РА=сов AB cos PB +sin AB sin PB cos АВР, ' 
=sin РВ cos ABP [since AB is a quadrant, 
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Similarly, cos PC=sin PB cos PBC=sin PB sin АВР. 





Hence squaring these and adding, we have 
cos? P A + cos? PC —gin?P B = 1 —cos?P B. 
Thus cos? PA + cos? P B + cos? PC 21, 
Cor. Иру, р» and ps, be the perpendiculars from the point 
P on the sides of the triangle ABU, then will 
sin?p, + тр. -- sin?ps — 1. 
4.8. Theorem. If any two points P and Q on the surface 


of a aphere be joined to the vertices of a trirectangular triangle 
ABC by great circular ares, then will 


сов PQ=cos РА сов QA +cos РВ cos QB + соз PC cos QC. 
From the triangle РАО, we have by Art. 8.1 
cos PY=cos РА сов QA -- sin PA sin QA cos РАО, 
Now сов PAQ = cos (PAC —QAC) 


=cos PAC eos ФАСО sin РАС sin QAC 
=cos PAC cos ФАС + cos PAB cos ОАВ. 
Therefore 
cos PQ = сов PA cos QA | 
+sin PA sin QA(cos PAB eos QAB 
+cos PAC соз QAC). 








r 
Р й 
a? 
+ Р 
* P d « ^ \ 
a) о ' 4 
NL oomen реа инее етем ө C 
— 


+ 
» * 
, 
# 
* 
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But cos PB —sin PA cos PAB, 
cos QB —sin QA cos QAB, 
cos PC=sin РА cos PAC, 
cos QC — sin QA cos QAC. 

Hence 


cos PQ = сов РА cos QA + cos РВ cos QB + cos PC cos QC. 
This theorem expresses the distance of any two points on the 
surface of the sphere in terms of their distances from the angular 
points of a trirectangular triangle. 


Cor. Іру, рә, рз; 41, 92, Gg be the perpendiculars from 
the points P and © on the sides of the triangle ABC, then will 


cos РО —sin p, sin q1 * sin ро sin Gg+sin ps sin 93. 
4.9. If we put 1, m, n andl’, т’, n' for the direction cosines 


of P and Q, and 6 for the angular measure of the arc PQ, the 
two preceding articles give two well-known results of Solid 
Geometry, viz., 

(1) 12+m?2+n?=1 
and (2) cos 6=Il’+ тт! +nn’, 
the direction cosines of OP and OQ being with reference to the 
three rectangular axes OA, OB and OC. 
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4.10. Direction Cosines of the Pole of the Arc joining two 
points on the Surface of the Sphere. - 


Let P and Q be two points on the surface of the sphere and 
let Н be the pole of the are PQ. Then by Art. 4.8, we have 
cos HP cos HA соз РА + сов НВ cos РВ + eos HC соз PC, 
and 
cos HQ=cos НА cos ОА + cos HB eos ОВ + cos HC eos ОС. 
But the ares HP and HQ are quadrants, hence 
cos НА cos РА + сов НВ cos РВ + сов HC cos PC 2-0 


а 


and 
cos HA cos QA + cos НВ cos ОВ +cos HC cos QC 0. 


Solving the above equations, we get 


— a 0. 0 чар мә 
cos PB cos QC —eos PC vos ОВ 





— ООВ -a 
eos PC cos ОА —cos РА cos QC 


аре deti E PORTIO C oin 
cos PA cos QB —cos PB cos QA 


— í—— 


cos? НА + cos? НВ + cos? НС } 
X(cos PB cos QC —cos РС соз ОВ)? 


SENI * 
sin PQ' 
Thus 
cos HA sin P — cos PB cos QC —cos PC соз ОВ, 
cos HB sin PQ —cos PC cos QA – соѕ РА cos QC, 
cos НО sin PQ=cos РА cos QB —cos PB cos ОА, 
* This is obtained from the identical relation Ан 
(mn' т”) 3-(nl' 2 n'l -- Um’ — Imi 
= (+ m? n2,0?-4- m? -- n2, — (7^ -mm" nj. 
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EXAMPLES WORKED OUT 


Ех. 1. Ina right-angled triangle, if 5 be the length of the arc drawn from 
С perpendicular on the hypotenuse AB meeting it at D, shew that 
(1) sin*é=tan AD tan BD. 
(2) tan*a=tan BD tan c. 
and 1026 = (ап AD tan c. 
(1) We have from the triangle ACD 
tan АР = шо ACD sin 6, by (6) of Art, 4.1. 
Bimilarly, tan BD=tan BCD sin ô. | 
Hence multiplying, tan AD tan BD=sin*6 tan ACD tan ВСР -sin?5. 
(6, sine of the perpendicular is the geometric mean between the tangents 
of the segments of the hypotenuse. 


(2) We have from the triangle BCD, by (5) of Art. 4.1 





—— tana _ tan BD | 
tan с ian a 
Hence {ар?а —tan BD tan c. 
Similarly, tan*b = tan AD tan c. 


je, langent of a side is the geometric mean between tangents of the adjacent 
segment and the hypotenuse. 

Ex. 2, Perpendiculars are drawn from the vertices A, B, C of the triangle, 

meeting the opposite sides at D, E, F respectively : Shew that 

tan BD tan CE tan AF=tan DC tan EA tan ГВ. 

(Dacca Uni., 1932.) 


. 


А 
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Let the perpendiculars meet at the point P. We have from the triangles 
BPD and CPD, by (6) of Art. 4.1 


tan BD=tan BPD sin PD 
tan DC=tan CPD sin PD. 


tan BD _tan BPD 
tan DC tan СРО’ 


and 


Therefore 


tan CE tan CPE 


Similarly, tan EA tan APE’ 








tan АР (ар APF 


— e — — ee 


tan FB tan BPF ' 
Hence multiplying both sides and noting that 

^ А ^ ^ ^ ^ 
BPD=APE, CPD=APF and CPE = BPF 


tan BD tan CE tan AF 3 
tan DC tan EA tan FB 


4.11. Equation of a great circle in terms of the perpendicular 
from the origin on it. 


and 





we get 


Y 


A 





Let OX and OY be two great circles of a sphere at right 
angles to each other, and let P be any point on AB, another 
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great circle, From 0 draw an are OC(=p) perpendicular to AB, 
making the angle COX(=a) with OX, Draw the ares PM and 
PN perpendicular to OX and OY respectively. Draw the are 
ОР(=5). Let ОМ=х and ON=y, and the angle POC=8. 

From the right-angled triangle POM, we have by (4) of 
Art. 4.1. 

. pny tana 
cos POX — iani 
Similarly from the triangle PON, we have 





COS POY = ВУ cin POX, 
tan ё 
Hence 
tan 2 соз «+ tan у sin «=tan 5 (cos х cos РОХ + віп « sin POX) 
= tan 6 cos 8. 
But from the triangle POC we have 





cos 6 — tan p i 
tan à 
Hence cos & tan ©+sin х tan y=tan p. 


This relation is satisfied by any point P on AB, i.e., it is 
the equation of the great circle АВ. 

r and y are the spherical co-ordinates of P. 

The corresponding equation of a straight line on a plane 
referred to rectangular axes is obtained by taking the radius of 
the sphere to be infinitely great. "Thus we get 

- < eos «+узш х= р 
as the equation of a straight line. 

4.12. Equation of a great circle in terms of intercepts 
made by it on the axes. 

Take two great circles OX and OY at right angles to each 
other and intersecting at О as the axes of reference. Let P be 





v 
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а point on another great circle AB intersecting the axes at the 
points А and B respectively. Draw great circular ares PM 
and PN perpendicular to the axes and produce them towards P 
to meet the axes at X and Y respectively. Then X and Y are 
the poles of the great circles OY and OX respectively. 





Let ОМ=т, ON=y, OA=a and OB=8; 
then the angle OYM =x and the angle OXN =y. 


From the triangle APM we have 


sin AM вір PA л Bgin(x-z) _. 
sn APM "sn AMP “ва РА С; 


Similarly from the triangle BPY we have 


sin BY _ sin PB sin (}=— В) sine |... ВРУ. 





sin ВРУ віп BYP — віп PB 
He sin(a—z) _ cos В sin г 
© sin РА sin PB (1) 


Again from the triangles АРХ and BPN, we have 


sin АХ sinPA віп (11-х) sin 
MATT АЕ ы ар ОТ 
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sin BN _ sin PB |. sin(8—y) -sin BPN 


sin BPN sin BNP' . gin BP 
во that cos a sin y _ віп (8—0) C T, 
г gin PA sin PB : 


From (1) and (2) we have 
sin (« —2) sin (8 — y)- sin 2 sin y cos х cos В 
or simplifying 
sin € cos у cos © sin В + сов v sih y sin х cos В 
= C08 2 cos y sin «sin б 
TE tan x cot х + tan y cot B=1, ACT 
which is the equation of the great circle AB. 
Taking the radius of the sphere to be infinitely great, we 
get the corresponding equation of a straight line on a plane 
—— m 
—— 


х and 5 being the intercepts on the axes. 
4,13. Equation of a circle with reference to its pole. 
Let P be а point on the circle AB and let E be its pole. 





Take a fixed point N on the sphere and let NS be a fixed great 
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circle through it. Draw a great circle through the points N 
and Е and another through the points N and P, 

Let NE=a, ENS=8, then the angular co-ordinates «, В 
determine the position of E. Let PN—60 and РМ5 =ф, so that 
В and ф are the angular co-ordinates of P. The arc EP measures 
the spherical radius of the circle AB. 

From the triangle EPN we have the relation 


cos PE=cos х cos 90+ зщ a sin 0 cos (B — ф) 


satisfied by the angular co-ordinates 6, ф of any point P on the 
circle AB, 

If AB be a great circle, the spherical radius PE is a quadrant 
and the equation to the great circle becomes 


сов х cos 0 + sin « sin 0 cos (8 —49) =0. 


If N and S are taken to be the North and South poles, NS 
as the prime meridian and CDA as the equator, then 6 measures 
the co-latitude and $ the iongitude of the place P on the earth's 
surface, 


ExAMPLES 


1. If ABC be a triangle in which the angle C is a right angle, prove the 
following relations— 
(1) 2n-ain a sin b. 
(2) 2N sin a sin B=sin A sin b. 


— 
(3) № ain c. 
(4| sin*a sin?b = sin"?a 4- sin*b — sinte. 
(5) 2 віц? jc— sin? Ha+b)+sin? 1(a— b). 
(6) sina tan 34 —sin b tan 4B=ain (a—b). 
i7) tan В = Sin «s—a) à 
sin $ 

Lb as віп (c4-bi 

7—1613B 
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(9 _ sin (a— b) 
) tan #(A+B) tan 3(4 — В) = ЫИ" 


(Dacca Uni., 1930.) 
2 In a triangle if C be a right angle snd D the middle point of AB, 
shew that 
4 соз? фе sin*CD = sin"a--sin?b. 
9. If 8 be tbe length of the arc drawn {гот ГС perpendicular to the 
hypotenuse AB, shew that 
(1) cos?5 —cos?A --cos*BB. 
(2) cot?*5—cot*a-Fcot?b. a 
(3) asin*5 sin*c = па sin?b — ain*c, 
4. lf 8 be the length of the are drawn from С perpendicular to AB in any 
iriangle, shew that 


cos 5 —cosec c (cos?a 4- cos?b —2 сов а cos b cos oy. 


(Cal. Uni. М.А. and M.Sc., 1926.) 
5. If the side c of a triangle be a quadrant and 5 be the length of the 
arc drawn at right anglea to it from C, shew that— 


(1). cos?’ —cos*a -- cos*b, 
(2) cot?8—cot?A +cot*B, 
(3) sin*à—cot 9 cot $, where 8 and $ are the segments of the 
angle C. 
6. If the side с of в triangle be a quadrant, shew that 
(1) cos (8— A) cos (S — B)--cos (S— C) cos 8-0. 
(2) tana tan b+sec С=0. 
(8) 2 cos (S—A) cos (S— B)— sin A sin B. 
7. In the triangle ABC if C—90*, shew that 
sin (A+B)= 5° a+cos ё 


1+cos a соз b 
(Cal. Uni. М.А. and MSc. 1931.) 


_ cos b—cos a 
йр (АЛ) 1—cos асов b 


and 


. (Расса Uni., 1931.) 
8. If C=90°, shew that tan S=—cot ja cot fb. _. 
9. Shew that every point within a trirectangular triangle is its orthocentre. 
10. If one of the sides of a right-angled triabgle be equal to the qua 
angie, shew that the remaining parts are each equal to 90*, 





a 





EXAMPLES 99 


11. И be tbe length of the bisector of the hypotenuse АВ of the right- 
angled triangle ABC, shew that 


T ni 
; gg Sinta + sin*b 
ЕТ YT. A 
12. Shew that the ratio of the cosines of the segments of the base, made 


by the perpendicular from the vertex, is equal to the ratio of the cosines of the 
sides. 


13. Shew that the ratio of the cosines of the base angles is equal to the 
ratio of the sines of the segments of the vertical angle made by the perpendi- 
cular drawn from it to the base. 


14. If a, аз; В, By and +, уз be the segments of the sides of в spherical 
triangle made by the perpendiculars from the opposite vertices, shew that 
сов a, сов B, соз 'уү=соз а; cos By соз "д. 


15, Пру, pa and ру, p, denote the perpendiculars from the base angles A 
and B to the internal and external bisectors of the vertical angle C, shew tbat 


sin p; sin p3--sin pg sin p, sin a sin b, 


16, If ^, & and у denote the perpendiculars from the vertices of any triqua- 
drantal triangle on a transversal to the sides, shew that 


sin*A -- ain*u 4- sin?» —1. 
17. ABC is a spherical triangle each of whose sides is & quadrant, and P 
is any point within the triangle : shew that 
cos РА cos PB cos PC--cot BPC cot CPA cot APB=0 


and tan АБР tan ВОР tan CAP=1. 


18. If three points whose spherical co-ordinates are тү, yj; 24, Уз and 
Z3, уз lie on the same great circle, shew that 


tan y; (tan z4—tan 2) +190 yg (tan z4—tan zj) -tan уз (tan 2 —tan z4)— 0, 





CHAPTER V 


SOLUTION ОЕ TRIANGLES 


5.1. Solution of right-angled triangles. 


We have seen that a triangle has six parts, three sides 
and tbree angles, and the formulae established before show 
that if three parts are given, we can determine the remaining 
three parts, and thus completely solve the triangle. In solving 
numerical exampies, we shali have to make use of logarithmic 
tables. Six cases present themselves, In these cases, the 
right angle forms a known part and we require to know only 
two other parts. The angle C is taken to be a right angle in 
all the following cases. 

But there may or may not be a right spherical triangle with 
these parts. In order that the solution will be possible the 
properties of Art. 4.2 must all be satisfied, 1.6,, A and a аге 
to be of the same affection, as also B and b; and the sides must 
all be less than quadrants, or else one side less than quadrant 
and the other two greater than quadrants. 

Given two parts we choose three formule such that each 
involves the two given parts and one unknown part, the value 
of which 18° obtained by logarithmic calculations. When a 
part is greater than 90°, its cosine and tangent are negative and 
their logarithms do not exist as real numbers. But the 
difficulty is avoided oy expressing them in terms of their sup- 
plements. Thus supposing a part to be 135°, it is expressed 
in terms of its eupplement by means of the relations 

віп 185°=sin (180° —45°)=sin 45° 
„сов 185° = cos (180° — 45°) = — cos 45° 
tan 185° = ар (180? —45°) = — tan 45°, 
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For example, iet the parts b and A be given both of which 
are greater than 90°. Indicate the supplements by adding 
the subscript s so that | 

b,=180°—b, А, =180° — А, etc. 
To solve for с we use § 4.1 (4) 
tan b=vos A tan c 
whence tan (180? — b,) = cos (180? —A,) tan c 
1.е., {ап Б, = cos A, tan c, 
which is adopted to logarithmic calculations, whence the value 
of c 1s obtained, 
Again to solve for a, we use $ 4.1 (6) 
tan a=tan A sin b. 


whence tan а= — tan A, sin b, 
or, -tan a=tan A, sin б, 
i.c., tan a,— tan A, sin b, 


We now solve for a, and find a as the supplement of а,. 
5.2. Case I. Given two sides a and b. 
The remaining elements А, B and c are obtained from the 
formule (6), (7) and (1) of Art. 4.1 
cot А = соё a sin b, 
cot B = соб b sin a, 
cos ¢=cos а cos b. 
The solution is unique and the triangle is always possible. 


#2 EXAMPLE 
Given а —55*18', b=39°27'; solve the triangle. 


To find c, we have 
соз C=cos а соз b, 


ог, 10+ L cos с = L cos a+ L cos b, 
or, _ L cos с=9'6430438. 
є e= 63° 55’ 217. 
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To find A, we have 

10-+ Г, cot А = Г, cot 55*18'-- L sin 39°27’, 
от, L cot А —9'6434980. 
e A —60* 15^ 6". 
To find B, we have 

10+ L cot В = L cot 39*27'-- L sin 55°18’, 
ог, L cot B =9°9996157. 
oe B= 45° 1’ 31". 


5.3. Case II. Given two angles A and B, 


The remaining elements a, b and c are obtained from the 
formule (10), (9) and (8) of Art, 4.1 
cos A=cos a sin B, 
cos B=cos b sin A, 
cos c=cot A cot B. 
Here also a, b and c are uniquely determined. 


EXAMPLE 
Given A=64°15’ and B —48*24'; solve the triangle. 
We have 
L сов a=9°7641507 .. a=54° 28" 53”, 
L cos b-—9'8675405 .. Ь=42° 30' 47", 
and L ооз с=9'6816912 г. с=64° 38' 38". 


3.4. Case III, Given the hypotenuse с and one side a. 
We have from (2), (5) and (1) of Art 4.1 








sin A 80 К 

sinc' * 
cos B= '8B à ‚ 

{ап с 
dos be 995 ©... 

сова 


см 
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The elements B and b are determined without ambiguity, 
but sin A admits of two values between 0 and я. But since а 
and A are of the same affection, i.e., they are either both acute 
or both obtuse, we take that value of A which js of the same 
affection with a, Thus А is also uniquely determined. The 
triangle is thus possibie. | 

If a and c are both quadrants, then A is a right angle, but b 
and B are indeterminate? 


5.5. Case IV. Given the hypotenuse c and an angle A. 
We have from (2), (4) and (8) of Art. 4.1 

sin a=sin A sin c, 

tan b=cos A tan c, 

cob B=tan A cas c, 

Thus B and b are uniquely determined, and asa and A are 
oí the same affection, а is also uniquely determined. Thus the 
triangle is possible. 

If А and c are both right angles, then a is a right angle, 
but b and B are indeterminate. 


5.6. Case V. Given one side b and the adjacent angle A. 


The formule for determining a, B and c are (4), (6) and (9) 
of Art. 4.1 


tan а= (ар A sin b, 
cos B=cos b sin А, 
че Thus a, В and с аге uniquely determined, 
5.7, Case VI. Given oneside.a and the opposite angle A. 
Here we have from (2), (6) and (10) of Art. 4.1 
sin а 
sin А 


sin c= : 
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sin 6=tan a cot A, 


A 


— 





sin В = 005 
cos a 
Here c, 6 and B are to be determined from their sines, and 
between 0 and ~ there are in general two angles having a given 
sine. Thus we get two values for each sine, and we expect six 
different triangles with the given data. But this is not the case. 
We must have a and A o! the same affection, and since sin c 
must be less than unity for c lies between 0 and л, sin а must 
be less tban sin А, and so a must be lese than А when they 
are both acute or greater than А when they are both obtuse. 
Otherwise the solution will be impossible, When this condition 
18 satisfied, we get two values for c, and since cos с=сов а cos b, 
we gel one value for b for each value of c, and one value for B, 
because b and B are of the same affection, which is otherwise 
evident from the relation cos e=cot A cot В. 


A 


4m 











A" 
Thus we see that there wil] be in general two trangles with 
the given parts. We say in general because ifa and А are 
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equal but not right angles, we bave b, B and all right angles 
апа thus we get only one triangle. In this case A is the pole 
of BC. 

That we should have two triangles is apparent from the fact 
that the triangle ABC and its colunsr triangle A"BC satisfy 
the given data, for 4-24" and BC is common. If A=a, we 
vet one triangle, for the triangle A"BC is symmetrically equal 
to the triangle ABC. 

When а and A are right angles the solution becomes indeter- 
minate. For in this case A and C are right angles and so В is 
the pole of AC and а= с= =. Again the angle B is measured 
by AC so that B=b, but these may have any value whatsoever 
аз is evident from the figure. Any one of the points C, Cis Ca 
C, satisfies the given data. Hence we do not get a definite 
triangle. 


EXAMPLE 


Given a —51*20', A=62°12' and C=90"; solve the triangle. 
To find с, we have L sin c=19+ L sin a— L sin А 
=10+9°8925 —9:9467 —9'9458. 


Hence с =61°58’ or 118“3' 

To find b, we have L зіп 6 = L tan а + L cot A—10 

UE —10'0968---9722) — 10 — 98188. 
Hence Ь=41°13' or 13847". 


"To find B, we have Lain B=10+L cos A— L cos a 
=10 *9'6687 —9'7957 = 9:8730. 


Hence B — 48*17' ог 131"43'. 
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5.8. Application of Napier's analogies in the solution of 
right-angled triangles, 


Napier's analogies can profitably be used in solving right- 
angled triangles in the three following cases. 
Firstly, when the sides а and b are given; 
Secondly, when the angles A and B are given; 
and Thirdly, when a and B, or b and Л are given. 


EXAMPLE 
Soive the triangle baving given 
a —64730', b z45*12' and C=90". 
To find c, we have cos c=cos a cos b, 


Or, L cos c= L cos 64°30’ + L cos 48°12’—10 
=9°6340+9°8238 — 10 =9:4578. 
Hence с=73°19'98”. 


To find А and В, we have from Napicr's first analogy 
cos l(a— b 
tan МАВ) = C9" "E - T 
ог, L tan {A + B) -10-- L сов 8* 9'— L соз 56° 91” 
= 10+9°9956 — 97436 
=10°2520. 
Hence .. MA B) —60* 45 40". 


Similarly L tán MA— В) =10-+ L sin 8* 9'— L sin 56° 21’ 
=10+ 9°1516—9°9204 
20'9312, 
Hence 1(А—В)=9° 39' 53”. 
A=70° 25’ 33" and B=51* 5' 47". 


5.9. Solution of oblique-angled triangles. 





As in the case of right-angled triangles, six different cases 
present here also, and when we are given any three of the parts, 
we can determine the remaining three parts by факп u use of 
some of the formule of Chapter ИТ. 
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The solution of oblique-angled triangles may also be made 
to depend on the solution of right-angled triangles thus. Draw 
à great circular are from one vertex perpendicular to the opposite 
side, produced if necessary. "Then the original triangle is the 
sum or difference of two right-angled triangle, which can be 
solved by the methods previously obtained. But though simple 
in practice, the method is not always suitable for logarithmic 
computations. In the following three cases this method can be 
applied. 

(1) Quadrantal triangle. In this case if c=90°, then 
Cl=z—c=90°, so that the polar triangle will be right-angled 
which can be easily solved, and the supplements of the sides 
and angles will be the angles and sides of the quadrantal 
triangle. 

(2) Isosceles triangle, By drawing a great circular arc 
from the vertex perpendicular to the base the triangle is divided 
into two symmetrical right-angled triangles, the elements of 
which are easily calculated. 

(3) When the sum of two sides or two angles equals т. 

Let b+c=7. Produce BA and ВС to meet at В", 





then AB"=7—c=b, so that the triangle ACB" is isosceles. 

Again if B+C=7, we have ACB"=;—C=B=B" во that 
the colunar triangle will have two sides and two angles equal, 
the elements of which are easily obtained as in the second case 

We now proceed to the six general cases. 
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5.10. Case I. Given three sides a, b, c. 


The angles А, B, С can be obtained from the cosine formule 
of $3.1., but these are not suitable for logarithmic computations, 
Hence we use the half-angle formule for 

tan ЗА, tan 1B and tan 4C 
of $3.8 whence the angles are evaluated. 

For sake of convenience, put 


sin (8 — a) sin (8 — b) sin (s—c) AT) 
sin 8 i * 


tan r— N 
then these formule become 
tan 7 tan 7 tan т 
А= — t В=————_,‚ tan #С=————. (2 
— sin (8 — a) ш, sin (s — b)' in 3 ~ ain (s—c) (2) 
It will be seen in Chapter VIII that r is the angular radius 
of the inscribed circle. The tangent formule are chosen 
because more accurate results are obtained by using logarithmic 
tangent table. 
| EXAMPLE 
Given a-120* 22’ 40”, 6=111° 84’ 27”, c=6° 28’ 35", 
Solve the triangle. 











a—120* 29° 40" $— 164? 12' 51" 
b —111* 34’ 27" 190^ —5— 15° 47' 9". 
c= 96° 95° 35" 

25 = 328° 25’ 42" E 
s—a= 48° 50' 11“ L sin (s—a) 9 9*84048 
s—b= 52° 38' 24" L sin (s—b)=9'90028 
х= се 67° 44°16” L ain (s—c) 29:96636 

| 2970712 


L sin а= L sin (180° —4) 949464 
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From (1) we have 
tap! 7 3n (5—0 ).sin ( s—b ).sin (s—c) 
ain 5 
whence 2L tan = L sin (s—a)-- L sin (s—b)-4- L sin (s—c) — L sin s 
—29'70719 — 943464 
= 20°27248 
L tan r=10°13624. 
From (2) 


L tan ФА = Г, tan r- L sin (s—a)+10, L tan 414—10:29576 
L tan #В=1, tan r- L sin (s—5)--10, L tan 4B —10'23596 
LtanjC-Ltanr—Lsin(s—c)--10, L tan 1C —10' 16988, 


3А=63° 9'21" А —196* 18' 42" 
)B-59"51' 4" B-119* 42° 8" 
8С=55° 55' 51" С=111° 61 42", 


9.11. Case II. Given three angles A, B, С. 


109: 


The sides a, b,c could be obtained from the formule of 
53.11, but as these are not adapted to logarithmic computations 


we use the formul: for half-sides of 53,13. 


= S 
" ie cos (S — A4) cos (S — B) cos (S — C) 
then tan а = ап В cos (S — A), 


tan 20 = ќар В cos (8 — B), 
tan 4c=tan В cos (S — С), 
from which the sides can easily be evaluated. 


It will be shown in Chapter VIII that В is the angular 


radius of the circumcircle. 


EXAMPLE 
Given 
A =196* 18' 42” find the sides, 
B-119* 49' 8” 
C 111" 61° 42” 


28 —357* 5% 92” 
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$=178° 56° 16" 180* —S=1° 3' 44" 
S—A= 59° 37' 34" L cos (S—A)=9'°78320 
S—B= 59° 14' 8" L cos (8— B) 2970885 
$—Сх= 67° 4'84" L cos (S — C) 2 9*59052 

29'08257 
L(—cos 5) 


= L cos (180* —8)—9'99992 
2 log tan Л = Іор (—cos S)—log соз (8— 4) —log cos (S— В) —log cos (S— C) 
= 20+ L(—cos S) — L cos (8— А) — L coa (S— B) = L cos (S—C) 
= 29°99992 —29*08257 
= "917385 
2L tan R=20°91795 

L tan R=10'458675 

L tan ја= L tan R+ L сов (8— А) —10—10:241875 

L tan 43b — L tan R+ L cos (5— В) —10=1016753 ` 

L tan 4c=L tan R+ L cos (8—0C)—10210:049195 


ja = 60° 11° 29”, a=120* 22' 40" 
4b —55* 47' 12" b=111" 34’ 24” 
Ic =48° 14° 17°5” с=96° 98’ 85”. 


5.12. Case ПІ. Given two sides and the included angle, 
a, b, C, 


The values of (А+ В) and 1(A— B) are obtained from 
Napier's Analogies (1) and (2) of 53.17 and thence the values 
of А and B. The side c is then obtained either тот Napier's 
Analogies (3) or (4), or from one of Delambre's Analogies. ' 


5.13. Case ТУ, Given two angles and the included side, 
A, B, c. 


и o 

The values of 3(a +b) and }(a—b) are obtained from N apier's 
Analogies (3) and (4) whence the values of a and b are obtained. 
The angle C is then obtained from one of Delambre's Analogies. 
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EXAMPLE 
Solve the triangle haviog given 
A=180° 5' 92°41”, B=32° 26’ 6°41" and с=61* 6' 116". 
From Napier's third analogy, we bave 


L tan }(a+b)=L cos 1(4 — B)— L cos (A + B) + L tan he 
—9'81814 —9° 18158 +- 9° 67960 
= 10°31636. 


Hence (a+b)=64° 14° 7". 
Similarly L tan }(a—bj=L sin }(A—B)—L sin MA--B)-- L tan lc 
= 9'87663 —0'994934-9'67950, 
whence sla—b) =20°0'22”. 
a = 84* 14° 99" and b=44° 13' 45”. 
To find C, we use Delaribre's third analogy, whence 


L sin )C— L cos }(A+B)—L cos Ma-- b) +L cos he 
=9'18158 — 968516 + 995529. 


Hence jC —18*992'43". 
or, C=36°45'26". 


Tbe value of С can also be obtained from Napier’s first analogy. 


9.14. Case V. (Given two sides and the angle opposite to 
one of them, a, b, A. 


The value of B is-obtained from the rule of sines 
sig В 50 b sin A 
sin d 
and С and c are obtained from Napier's analogies (2) and (4) 
t = sin d(a— b) ti(A—B ; 
* sin À(a 4- b) б | } 
А 


4-8 _ sin (A+B) " 
= {ап $e — tan (а b). 
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As B is obtained from its sines there are, in general, two 
supplementary angles having the same sine. When the value 
of sin B is greater than unity there is no solution; when sin В 
equals unity, В=90°; and B has two supplementary values 
when sin В is less than unity, Hence B has two real values, 
one value (90°), or no real value according as 


— | 
віп а = sin b sin A, 


Since С апас are each less than л, tan {С and tan 4c 
must both be positive. Now a-- b and A- В are each less than 
27 and therefore sin (a+b) and sin (А+ B) are always. 
positive. Again 4(a—6) and 4(A—B) are each numerically less 
than 47. Hence in order that tan +С or tan іс may be 
positive, sin à(a—b) and соё $(1— В) or sin (А-В) and 
tan 3(a— b) must have like signs, both of which signify that a— b 
and A—B must have iike signs. Thus there are two solutions, 
one solution or no solution according as botb, one or none of the 
values of В satisfy the above condition. 


To sum up: 
(i) If sin a < sin b sin A, there is no solution 
(1) If sin a = sin b sin A, there is one solution, B=90° 
(пт) If sin a > sin b sin A, each of the two values of В’ 
giving to А-В and a—6 like signs yields a solution. 
5.15. dons hachon of the triangle with a, b, A. 


Take two great circular ares AL and AM on a sphere 
making an angle A with each other and produce them to meet. 
at 4". On the are AL measure off AC=b. With С as pole and a 
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as spherical radius draw a small circle wh'¢h may or may not 
intersect the are AM. Let us consider the different cases. 





Let p=CD be the arc through С perpendicular on AM, 


. (1) If a is less than p, the small circle will not intersect AM 
80 that no tridngle exists with the given parts, The solution is 
impossible. 

(2) If az p, there ES triangle having a right angle at D. 


(3) If a is greater than p, but less than both AC (b) and 
CA" (x—6), the small circle will intersect AM A" in two points B 
and В’; the angular distance of each from А is less than 180°, 
There vill be two solutions ACB and ACB’, 


(4) If b-a«z-—b or ba z-— b, there will be one solution. 
(5) If a— b, the triangle is isosceles, one solution. 
(6) If a is greater than both b and z— b, there is no solution, 


The angle А has been taken to be acute. Similar reason- 
ings with inequalities reversed apply to the case when А is 
obtuse, | 

8—1613B 
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5.16. Case VI. Given two angles and the side opposite to 
one of them, A, B, a, 

By сазе V we can construct а triangle whose parts are 
ü-z—4A,b-z—B,A-z-—a. The polar of this triangle will be 
the required triangle. As in case V there may be one or two 
solutions or the solution may be impossible. 

For solving directly use law of sines 

n p — Sin B sin a 

sin A 


to find b and then use Napier's second and fourth analogies to 
find C und c. 


(1) If sin A < sin B sin a, there is no solution. 
(п) If sin А = sin B sin a, there is one solution, b —90*, 


(ii) If sin А > sin B sin a, each of the two values of b, 
giving to А – В and a— b like signs, yields a solution. 


EXAMPLE 

Given а=125° 15’ 35", b=70° 30’ 20", A= 146°, 

Solve the triangle. 
| Here a, = 180* —a —54* 44’ 25", А, =180°—145°=35*. 

To find B. 
sin b аір A 

sin а 

we have L sin B=L sin b+L sin A— L sin a 


L sin b= 9797436 г. Вү=41* 97 be" 
L sin A=L sin А, —9'75859 


From sin B= 





; 19'73295 B421835* 92' 4" 
L sin az L sin a, = 991198 


L sin B= 9:82097 
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To find €. 
a+b —195* 45' 55" }{а+Ь)= 97° 52' 65” 
- a—b= 54* 45' 15" [Hathi] == 82° 7° 2" 
lía—b)z 27° 22' 88" 
A-F B, —186* 27 56” А--В,=983° 32’ 4" 
HA+R,j= 93° 13 58" }(A+Be)=141° 46° 2" 
[k(4--By)], = 86° 46’ 2" КА + В,)], = 38° 13' 58" 
A—B,-103* 32’ 4" A—B,= 6° 27° 56” 
МА Ву) = 61° 46’ 29" А-В.) = 3° 13' 58” 
Since a —b and А — B have the same sign for both values of B, there are two 
solutions. 
L cot 1'A = Ву —0'89645 L cot А-В.) =11°24808 
А L sin Ka—b) —9'66261 966261 
19-58908 | 20-91069 
L sin [4/a+b)], =9'99588 099588 
L Lan 1C, —10'56318 L tan 164-10 91481 
410,-90* 5’ 29” 10,— 88° 8' 46" 
C,=40° 10’ 44" C42:160* 7’ 89”. 
То find c, 
L sin [4A -- By]? —9:99981 L sin [MA-- Bj], = 9779159 
L tan 1(a— b) 971420 971120 
| 19'71351 19°50579 
4 L ain K(A—B,)=9 89514 L sin #A—Byi= 875123 
L tan 1c, —9'81837 І. tan 3c4— 10775456 
1c, —33* 21’ 18” {с;= 80° 1' 11" 
c, =66° 42° 96” c9: 160* 2' 29", 
EXAMPLES 
Solve the following triangles having given 
1. а=37° 48'12", b —59* 44’ 16", С=90*. 
Ans. А=41° 55' 45", В=70°* 19 15", с=66° 32° 6", 
2. а=54° 16’, b=35° 12’, C=90°. 


Ans. А=68” 29’ 53”, В=38° 52°, 26", c=60" 44’ 46", 
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A=36", В=60°, С=90°, 
a=20° 54' 1875", b —81* 43’ 3”, с=37° 21' 88 5". 
a=69° 98’ 97". A=66° 7’ 20", c=90°. * 
b —48* 39’ 16^, B=52° 50' 20", с=70” 23' 49" 
b —181* 20' 44", В=127° 9' 40”, с=109° 36’ 18". 
А =93°* 97’, В=17°* 15’, с=74° W., 
a=60°, b=15° 56’, C=153° 44’. 
а=138° 4’, b=109° 41’, с=90°. 
A=142° 11’ 88”, B=120° 15’ 57", C —113* 28’ 9”, 
A=46° 46", c=76° 40’, С=90. 
a=44° 53' 94", b —69* 32" 55", B =75°* 15' 22”. 
a=123° 34' 45", b=75° 66’ 33", с=105° 0° 18". 
А=191* 87 41”, B-—82* 52° 59”, C —98* 51’ 55". s 


А=98° 52° 40”, 


B —60* 44° 25", 


C-27* 52° 55". 


a=47° 6 15", b —40* 18' 20”, c=20° 17’ 80”. 
a —88" 12' 90", b=194° 7^ 17". С=50° 979”. 

A — 63^ 15' 10", B=182° 17’ 59", c=69° 4’ 95", 
а=85° 59’ 0", Bz84* 99' a0", C —30* 6' 50”. 
А=199° 58° 30", b —47* 99' 20". с=50° 6’ 20". 


a-—56* 40" 0”, 
В=36° 36’ 0", 


B=123° 40' 20", 


b=55° 6% 30", 
b zz 124^ 7’ 80", 


b —30* 50' 0", 
С=53° 0' 0", 


С=159° 43' 22", 


o=187° 21' 19", 
a=65° 89' 44”, 


A=103° 40 0”. 


c= 42° 39° 0". 


c=159° 50’ B". 
A=187° 4’ 26". 
А=113° 89’ 16". 





Shew that there is no solution when a=30°, b=60° and A=75°, 


The side of a spherical square (quadrilateral with four equal sides 
and four equal angles) is 73" 41° Find the angle and the length 
of the diagonal. | 

Angle =118* 4’ 80”, 


Diagonal=106° 16’, 


A 


Á.. 
a 


LJ 





CHAPTER VI 
PROPERTIES OF SPHERICAL TRIANGLES 


6.1. Relations between the arcs joining three points on 
a great circle and any other point on the sphere. 


Theorem, If X, Y, Z be three points on a great circle, and 
P any other point, on the sphere, then will 
cos PX sin YZ--cos PY sin ZX +cos PZ sin XY=0 ... (1) 


and 
cot PX sin YPZ+ect PY sin ZPX + со PZ sin XPY=O ... (2) 
P 
X ү 
J $3 | 
Xi. — 


From the triangles PXY and PYZ we have 
cos PX —cos РҮ cos XY 4 sin PY sin XY cos РУХ 
and cos PZ=cos PY cos YZ -- sin PY sin YZ cos PYZ. 
But eos РУХ = —cos PYZ ; hence 
cos PZ=cos PY cos YZ—sin PY sin YZ сов РУХ. 
Eliminating cos PYX from these two equations, we have 


(cos PX —cos PY cos XY) sin YZ | 
+ (cos PZ —cos PY cos YZ) sin XY 20, 
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or, cos PX sin YZ—cos PY sin XZ + cos PZ sin ХУ=0. 
Writing Х2= —ZX, by measuring arcs in one direction as 
positive, and in the opposite direction as negative, we have 
cos PX sin YZ + сов PY sin ZX +cos PZ sin XY=0 ... (1) 
Again by Art, 8.15 we have from the triangles PXY and 
PYZ 
sin PY cot PX=cos PY cos XPY sin NPY cot РУХ 
and sin PY cot PZ=cos PY ccs YPZ + &n YPZ cot PYZ. 
Multiplying these two equations by sin YPZ and sin XPY 
respectively and adding, we have 
sin PY (cot PX sin YPZ + cot PZ sin XPY)=cos PY sin XPZ, 
ог, putting APZ= —ZPX, we have 
cot PX sin YPZ + cot PY sin ZPX +cot PZ sinXPY=0 ... (2) 


6.2. Particular cases. 


(1) Median. If Y be the middle point of XZ, then PY 
is the median of the triangle PXZ, and (1) gives 


cos PY = 08 PX + eos PZ) sin XY 
sin XZ 
py 998 PX + cos PZ 
8 ов XY + сов YZ" 
Thus if m bethe length of the median bisecting the side a 
of the triangle ABC, we have 


cosb+cose , 
2 cos За 


* Gudermann, Niedere Sphürik, § 400. 


OT, 


cos m — 


s 


d 





RELATIONS BETWEEN THE ARCS 119 


(2) Internal Bisector of an Angle. If PY bisects the angle P 
we have from (2) 


sin X. XPY (cot PX + cot PZ) 
— sin X PZ 


cot PX +cot PZ 


— — = 


cos ХРҮ +соѕ YPZ ` 





Thus the internal bisector 8 of the angle А of the triangle 
ABC is given by 


2 1 
cot ô= $14 (cot b -- cot c). 


(3) External Bisector of an Angle. Ií PZ bisects externally 
the angle XPY, then 


YPZ=4n—-3XPY end XPZ=4n+4XPY, 
so that 


cot PY — cot PX 
2siniXPY 


Thus the external bisector 3' of the angle А of the triangle 
ABC is given by 


cot PZ= 


cot d= asia (cot b—cot с). 


(4) If XZ be a quadrant, we have 
cos PY=cos PX sin YZ + cos PZ sin XY. 


Thus if the base BC of the triangle ABC be a quadrant, and 
a point D be taken in it, we have 


cos AD = cos c sin DC+cos b sin BD, 
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6.3. Spherical Perpendiculars. Let the ares PX, PY and 
PZ when produced meet another great circle at right angles at 
the points X,, Y, and Z, respectively, then P is the pole of the 
great circle X,Y,Z,, and each of the ares PX,, PY, and PZ, is 
a quadrant. (See fig. of Art. 6.1). Hence 

cos PX —sin XX,, cos PY —sin YY, 
and — cos PZ sin ZZ,, 


and (1) of Art. 6.1 becomes 
sin XX, sin YZ- sin YY, sin ZX + sin ZZ, sin XY -0 ... (3) 


Similarly (2) of Art. 6.1 gives 
tan XX, sin YPZ + tan YY, sin ZPX + tan ZZ, sin XPY=0 ... (4) 


Since the angle between any two ares PX and PY is measured 
by the intercept made by them on the great circle X,Y,Z,, ie., 
by X,Y, (Art, 1.8), we get 


tan XX, sin Y,Z, + tan YY, sin Z, X, + tan 42. sin X,Y,=0... (5) 


These are the relations connecting the spherical perpendi- 
culars XX,, ҮҮ, and ZZ, from the points X, Y and Z on the 
great circle X,Y,Z. 


6.4. Theorem. 1/ three arcs meet ata point, the ratio of 
the sines of the arcs drawn from any point on one of the ares, 
perpendicular to the other two, is constant. 


Let OA, OB and OC be the three arcs and let х and B be 
the lengths of the perpendiculars drawn from a point P in OB 
on the ares OA and OC respectively. . ы. | 
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Then from the two right-angled triangles we have 


sin Ор ana _ sin 8 


— — — — — — 


sin AOP sm COP ' 


sin sin AOP 
п В sin COP * 


independent of the position of P on the are OB. 


or, which is constant for it is 


Conversely, if irom any other point Р’ perpendiculars o and 
В! are drawn оп ОА and OC so as to satisfy the relation 


sin a” _ sin « 
sin 6 smf ` 


then P' will lie on the great circle through O and P, namely OB. 


6.5. Concurrency of three arcs. 


Theorem. If three arcs joining a given point with the angu- 
lar points of a triangle meet the opposile sides, the products of 
the sines of the alternate segments of the sides are equal. 


A 


B 
D 


Let the ares joining A, B and C with the given point P meet 
the opposite sides in D, E and F respectively. 
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Then from the triangles APF and BPF we have 


























sin AF sin APF Aes sin FB sin BPF 
віп АР sin AFP sin ВР sin ВЕР" 
sin AF зтАР sin APF 
оми sin FB 'sin BP' sin BPF ' 
ы: sin BD sin ВР вт BPD 
А sin DC віп CP * sin CPD * 
ind sin CE sin СР sinCPE 
sin EA sin AP ' sin APE * 


Henee multiplying 


the corresponding sides of the three 


equalities and noting that 


^ ^ A A A A 
BPD=APE, _CPD=APF and CPE=BPF, 
sin AF sin BD sin CE _ 


—] — — — 


sin FB sin DC sin EA | 


i.e. sin BD sin CE sin AF=sin DC sin EA sin FB. 


The corresponding theorem for a plane triangle is Ceva's 
theorem.* 


we have 








6.6. The converse theorem can also be easily proved, 
Several theorems on the concurrency of ares are immediately 
deducible from it, Thus 


The perpendiculars drawn from the vertices of a spherical 
triangle to the opposite sides meet at а point. + 

The bisectors of the angles of a spherical triangle meet at 
a point.} 


` 


.—^ See Russel's Pure Geometry, Chap. I. 
+ Gudermann, Niedere Spharik, $68; Schulz, Sphürik 11, $47. 
$ First proved by — 
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The ares joining the angular points of a spherical triangle 
with the middle points of the opposite sides meet at a poinf. 


6.7. Theorem. If three arcs passing through the vertices of 
a triangle be concurrent, the products of the sines of the alternate 
segments of the angles of the triangle are equal, 

Let the ares AD, BE and CF meet at P and divide the 
angles А, B, C of the triangle ABC into the segments A,, Áa; 
B,, B,and C,, C,. (See fig. of Art, 6.5.) 

Then from the triangles ABD and ACD, we have 




















sin BD | sinc sn DC _ sinb 
віп А, sin ADB віп А, sin ADO 
H sin BD _вш А, sinc 
rar sin DC віп А, sinb 
Hee ARCH sin CE sin B, sina 
’ sio EA віп B, sine’ 
in AF sin C, sinb 
nd s ЕН, ee 
a за FB віп С, sina 
Therefore una, smp, sin C, 1, 


sin А, ' sin B, ' sin C, 
This is also another criterion for the concurrency of three 
aros. _ 
The converse can also be easily proved. 
6.8. Conoyclic points. Spherical transversal. 
Theorem. If a great circle intersects the sides of a triangle 
ABC at the points L, M and N, then will 
| sin AN &n BL sinCM . 
sin NB sin LC sin MA 


* 


=l. 
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Draw AX, BY and CZ perpendiculars on the great circle 
LMN. Then from the triangle ANX we have 


sin AX —sin AN sin ANX. 





C 


о 
\ 





Ld 
PY e 


\ 
p“ 
2" 
— Mi 


a 
ea” 
- 


- 
" 
— 


- 
— — — = т * 8 


1 
Similarly from the traingle BNY, we have 
sin BY —sin NB sin ВМУ. 


sin AN _ sin АХ 
sin NB sin BY 





Hence 


sin BL _ sin BY Ede sin CM sin CZ 
sin CL sin CZ sn MA sin AX’ 











Similarly 


Hence multiplying and writing —sin LC for sin CL, we have 


зш AN sin BL sin CM ыл 

sin NB sin LC sin MA | 

This theorem along with its analogue for plane traingle was 
obtained by Menelaus,* 


* In Greek Geometry this theorem is known by the name — Sew 
Quantitatum. See Sphaerica by Menelaus ог Des Claudius Ptolemaus Hand- o: 


buch der Astronomie by Karl Manitius, Bd. I, pp. 45-51. 


)9- ге 


E 
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Its converse is also true, namely if three points L, M, N 
be taken on the sides of a triangle satistying the above relation, 
then they will lie on a great circle. 


Note 1.—Any transversal must cut either one or all the three sides of the 
triangle externally. Thus the arc LMN cents only the side BC externally 
Whereas the arc Г.М, М, cuts all the sides externally. Hence there will always 
be the negative sign. 


Note 2,—8Several formulae for right-angled triangles are essily deducible 
from Menelaus’ theorem. Thus if C —20* and AN and AM are quadrants, then 
L will be the pole of AC and the theorem becomes cos c=cos a cos b. Again 
the triangle NBL with AC as transversal gives sin а=вїп А sin c. Other 
formn!ae are similarly obtained by taking any three arcs as forming в triangle 
with the fourth one as the transversal. 


6.9. Theorem. The great circle bisecting the sides of a 
triangle intersects the base in points which are equidistant 
from the middle point of the base. 





D 


Let ABC be the triangle and let D, E and F be the middle 
points of the sides BC, CA and AB respectively. Draw a 
great circle through the points E and Р, and let it meet BC 
produced at the points Р and Р/, d these аге two 
diametrically opposite points, 


„Т 


КЗ = Ww 


Draw the ares. AX, BY and CZ at right eget to AR circle EF 


б 
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Normal co-ordinates are clearly analogous to trilinear co- 
ordinates with respect to a plane triangle. 
If 2n,, 2n, and 2n, be the sines of the triangles PBC, PCA 
and PAB, we have 
віп « sin a—2n,, sin В sin b—2ng and sin y sin c 22n,. 
When the: ratios of the co-ordinates are known, the point is 
determined, 


EXAMPLE 


Find the normal co-ordinates of the point where the perpendicular from the 
angular points to the opposite sides meet, 


B 
D 


Let the perperidiculars AD, БЕ and CF meet at P. 
Now from the triangles ABD and ACD, we have by (9) of Art. 4.1 
cos B=cos AD sin BAD, and cos C=cos AD sin CAD. 


cos В — sin BAD  sin*y 


C віп САО sinp by Art, 6.4, 
C 


Hence 








Similarly, 


‚ tine, sin В and sin are respectively: própotional- 46 
cos B сов C, cos C cos А and cos А сов B. . -- udi ЗО 


E Hence ^ ^ віп асов А = вір В сов В =віп у сов С 
‘Сав 
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6.12. Normal co-ordinates with respect to a —— 
triangle. Their fundamental properties. 


We have seen (Art. 4.5) that the are joining the vertex of 
а trirectangular triangle to any point in the opposite side is a 
quadrant. Hence if P be any point on the sphere, and D; E, F 
the points where AP, BP and CP meet the opposite sides, then 
PD, PE and PF will be complementary to AP, BP and CP 
respeetively. ў 





Now the Normal co-ordinates of P аге sin PD, sin PE and 
sin PF. Hence with respect to the trirectangular triangle they 
are cos AP, cos BP and cos CP, and these are generally re- 
presented by l, m and m, In fact I, m, n are the direction 
cosines of OP referred to three rectangular axes ОА, OB and 
OC, O being the centre of the sphere. : 5 fa 

They satisfy the following properties— 

(i) 2+m2+n2=1 
and | (QU) W+mm!'+nn'=cos PQ, e 
l, m, n ania V, т’, п’ being the normal co-ordinates ott two 
points P and Q on the sphere. | 
9—1613В 
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EXAMPLES 
If D be any point in the side BC of the triangle ABC, shew that + 
col AD sin BAC=cot AC siu BAD+cot AB sin DAC. 
9. If two sides of a spherical triangle be supplementary, prove thal the 


median passing through their intersection is a quadrant. 
(R.U.I., 1895.) 


1, 


3. The medians of в triangle АВС intersect at P and meet the opposite sides 
at D, E, F respectively : shew that 
(1) sin PA: віп PD :: 2 соз la : 1. 
(ud) sin PB: ein PE :: 2 cos jb : 1. - 
(ui) sin PC : ain PF :: 2 сов іс : 1. 


From any three points on a great circle, secondaries х, y, 2; 2’, у’, 2 


4. 
: shew that 


and z", y", z" are drawn to the sides of a triangle 
sin z, sin y, зіп 2 
sio г’, sin у’, ein z' |=0. 
| sin z"; sin y", sin 2" 
5. Three, points P, © and R lie on а great circle, and X, Y and 2 are 


three other points on the sphere : shew that 
cos PX, cos PY, соз PZ 


cos ОХ, сов ОУ, cos QZ |=0. 
cos RX, cos RY, сов ПИ 
6. If the bisectors cf the angles of the triangle АВС meet at P, shew that _ 





„ sin ВРС .sinCPA „зв АРВ _. .. кы. 
тт i aad nee 2 5 P ee 
(ii) sin? АР: sin? BP : sin? CP 
ain (s—a) . sin (s—b) , Bin (s— c) 
sin a sin b sinc — 
7. Find the Normal co-ordinates of the point where the arcs joining the 
angular points of a triangle to the middle points of the opposite sides meet. 


Ans. Proportional to sin B sin C, sin C sin А and ein A sin В. 
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8. If the internal bisectors of the angles of the triangle ABC intersect 
at P and meet the opposite sides in D, E and F respectively, shew that 
sin PD _ sinPE Ж_ sinPF 
sin a sin AD віп b sin BE sine sin CF 


1 
(віп? s--sin s sin (s—a) sin (s—5b) sin (s—ci}? | 
(R.U.I., 1895.) 


9. If a, а; B, В’ and y, у’ be the segments of the perpendiculars to the 
sides of a apherical triangle drawn from the opposite vertices, shew that 








tan а tan a'—tan В tan B'—tan y tan y' 


* соз (аа) _ cos (8--8') cos (y-- y) 
сов а cos а’ cos В cos В’ cos y cosy 


10, АВС is a spherical triangle, E із the middle point of BC, and 4D is 
drawn at right angles to BC : shew that 


tan ED sin (B+C)=tan Ja sin (B-C). 
(Sci. and Art., 1894) 





CHAPTER VII 
AREA OF SPHERICAL TRIANGLE. SPHERICAL EXcess 


7.1. Area of a spherical triangle. Girard’s theorem.* 





Let ABC be a spherical triangle. Produce the sides AB 
and AC. They will meet at A” where A” is the point diame- 
trically opposite to A (Art. 2.11). Thus we get a lune ABA"CA 
with the angle А, Similarly BC апа ВА produced give the 
lune BCB"AB of the angle B, and CA and CB produced give 
the lune CAC"BC of the angle C, The triangle ABC forms 
а part of each of these lunes, Let т be the radius of the sphere. 


Then ABC 4 A'BC lune ABA"CA —24A7?, 
АВС+АВ"С = lune BCB"AB z2Br*, 
and ABC--ABC"—|une CAC"BC=2Cr?, by Art, 2.11. 


* This theorem is due to Girard and was published by him in 1629 in his 
Invention nouvelle en Algèbre. А rigorous prcof of it was given by Cavalieri 
. inhis Directorium generale uraniometricum in 1632, E 
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"Now the- triangle ABC" is 'antipodal {о A'B"O' and hence 
they are equal in ‘area (Art; 2.19). -Hence putting A"B"C in 
place of ABC" and adding the three equalities above, we get 
2 triangle ABC + area of hemisphere -22(A + B+ C)r?, 
or, triangle ABC + лт? = (A4 В TC). 
Therefore | | | 
“area of the trangle ABC- (А +В +O=n)r? t 9 


The -expression А + В +С ліз called the Spherical Excess 
of the triangle ABC. and is: denoted by the symbol E. № 
measures the excess of the sum of the angles of a spherical 
triangle over the sum of the angles of a plane triangle (both 
being expressed in circular measure) and hence the name. 


If we put 25=4 + В + С, we get. 
S=4E + ўт. 


Cor. 1. Ii E,, E, and E, be the ‘spherical excesses of the 
colunar triangles of ABC on the sides ‘a, b and c respectively, 


then ; 


" 
‚ В, =ЗА-Е, E,-9B-B, and E,—2C -—E, 
and their areas are 
(2A— E)", (2B— E)? and (2C—E)r*. 

Сот. 2. The sum of the areas of any triangle and its colunar 
triangles is equal to half the area of the sphere. 

7.2. Area ofa Polygon, Take a polygon of n sides and let 
> denote the sum of its angles. Take any point within the 
polygon and join it to all the angular points. Then the polygon 

is divided into n° triangles and the area is В to the sum a of 
yi areas of the n triangles. Hence: - 


^ 
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area of the polygon = (sum oí the angles of the n triangles —n7)r* 
=(3 +27 пт) = {5 – (п —2)x}r* 
= Kr’, 
where E is the sperical excess of the polygon. 
Cor. Area of a spherical quadrilateral is 
(A-- B--C--D-—2z)r*. 


7.8. Girard's theorem enables us to get the area of the 
spherical triangle when the sum of the argles are known. 
When the three sides or two sides and the included angle are 
given, the relations established in the following articles will 
enavle us to find the area. 


7.4. Cagnoli’s theorem.* To show that 


48 / {sin 8 вїп(8— а) sin (s — b) sin (s—c) 
2 cos фа cos 1b cos $c 


We have 
sin 4#=sin(S —4z)=—cos S 
= віп A + B) sin 4C —cos 4(A + B) cos 1С. 
Hence substituting the values of sin (A + B) and сов4(А+ B) 
from Delambre's analogies (Art. 3.19), we get 


sin jp =R A co 1^ (eos b(a — b) —сов 4(a+b)} 


_ Bin C 


^ сов ic 


E. sin 4a sin $b - | E 
sinasinb соз1с ' by Art. 8.8 


n — | | 
~ 2 сов ja cos 4b сов 1c TE ela 


 * Cagnoli, Trigonometria, $ 1146. See also Lexell, Acta Ретона, 
1782, p 68. For a geometrical proof see Art. 7 11 below. 


sin 4a sin 4b 





т 
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7.5. Expressions for cos 1.E and tan 3 E. To shew that 


1+eos а+ eos b + сов c 


сите 4 cos 4a сов 1b cos 4с 


2n 


and tun 4. 0С pe nici ee. 
: 1+cos а + eos b + cos с 


We have 
cos 4E —cos(S —1z)- sin S 
=sin (A + B) cos 4C + cos 4(A + B) sin 4C 
= {сов* 4C cos Ma — b) + sin? 4C cos 2(а + b)] sec 1c 
by Delambre's analogies, Art. 3.19 


= {сов фа cos 4b + іп фа sin 4b cos С} sec 1c — ДОУ 


_ Cos? фа cos? 36 + sin фа cos За sin 4b cos $b cos C 
cos За cos $6 cos іс 


_ (1+ cos а)(1 + сов b) + sin a sin b сок С 


— А>— 


4 соз 4a cos 4b cos 4с 





_ 1+ сов а + сов b--cos c 


4 cos фа cos $ cos jc " we (0t 
Hence dividing (2) by (4), we have 
TY CE MSS. accen 
ж E 1+cos а+ сов + cos c" (5) 


* Lagrange, Journal de l'E'cole Polytechnique, Cahier, 6; Legendre, Géo- 
métrie, Note 10. Gudermann, Niedere Spharik, $7152, 

+ Euler, Acta Petropolitana, 1778. Fora geometrical proof see Art, 7.11 
below. TE | 
$ De Gua, Mémoires de l'Académie des Sciences, Paris, 1783. 
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7.6. Formulae for Colunar triangles. 


Let E, be the spherical excess of the colunar triangle A"BC, 
If a,, b,, c, be the sides and A;, B,, €, the angles of this triangle, 
we have 


_By=2A-E | | 
and a,=a,  b,—m—b, с,=хт—о, 
A,=A, В,=т- В, C,=x-C. 
Also | 
8 =яп-— (8—4), 8, —a,—5—8, 5,—b,—8—0, 8,—0,—8—b, 
so that n =n, 
Now gn IE, z 


dicic] c on го k EET. 
2 cos да, cos $b, cos łc, * 


whence by substituting the values of а, b,, c, we have 


nil ерш (A =н Oe 
ип г” Sa Teas MITT ain jo (6) 
Similarly, 
njE,esn(B-4E)e — — ^7. .« (7 
sin 3E,—sin(B — 4E) PUN рер wale (7) 
and 
iniE,-sin(O-4E)z.— —." в 
ве 2 віп За віп 46 cos ġe = (8) 
Again : 
| 'ip 1+соз а. +cos Б. + eono.. 
с Е = 1 1 1 
98 3 4соз За, cos $b, cos 3c, ' 
whence 
cos 1E, — cos (4—48) =1+ 008 a— cos b —cos c - aln (0) 


4 cos {а sin 4b sin 3с ' | 
with similar expression for cos 3E, and cos 3E,, ^  — 
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Also 


- tan jE,-tan (AB) = i ga | Ne (10) 
with similar expressions for tan 1E, and tan {Ё,, 
It should be noted here that E,, E, and E, being spherical, 
excesses are necessarily positive, and each of them is less than 
27. (Art. 2.9.) 


` Hence А-3Е, B—4E, C— 4E are each less than я. . R 
7.7. L'Huilier's theorem,* To shew that 
tan 1E = у (tan 1s tan 1(s—a) tan 4(s - 5) tan 4(s—c)}. - 
We have | 


p. sin ҖА+В+С-я) 
Oe Re КЫ) ЕТТУ е) 
sin 404 + B)—sin {(х—С) 
_ eos 4(A + B) + сов 3(a — (= — C) 








_ sin $(A + B) — cos 1C 
сов 4(A + B) + sin {С 





_ сов j(a—b)— cos ic cos cos 40 
~ сов 4(a+b)+cos jc ` sin 4C 
by Delambre's analogies, 


_ sin 4(s — b) sin 4(s— a) sin 8 sin (8— c) i 
cos 48 cos 4(8—с)` sini (s—a) sin (8—0) 


| by Art. 8.8. 
= y {tar 1s tan 1(s— a) tan 48-5) tan 4(s—c)) ... (11) 


+ See Legendre Geometrie, Note 10. See also Grunert's Archiv der Math. 
und Physik., XX, 1853, p. 358 for Gent's proof of L'Huilier's theorem, | 
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7.8. The Lhuilierian. 
We have by (11) 


tan 1E, = y {бар 15, tan 1(8,—a,) tan 4(8, — b,) tan 1(8,—0,)), 
whence 


tan }(2A — E) = y {cot 1s cot 1(s — a) tan (s — b) tan 4(s -c)} 


(12) 
Similarly, 
tan 1(2B — Е) = y {cot 4s tan 4(s — a) cot $(s—b) tan 4(s—c)} 

(18) 
and 
tan 1(2C — E)— у {cot 1s tan 4(s—a) tan 4(s—b) cot }(s—c)} 

(14) 


Muitiplying together the equations (11), (12), (13) and (14) 
we get 
tan 1E tan 1(24 — E) tan 1(2B — E) tan 1(2C — E) 
= соё 33 tan 4(s—a) tan 1(s - b) tan Hs c) 2 L? ... (15) 
where L is called the Lhuilierian* of the Spherical triangle. 


Thus L 


E = — 
— cot 48” 


tan А) 


tan 12B Е) = * И. 


and ton 10 = = ЕЕ 


* The name Lhuilierian is suggested by Dr. Casey after the кек. 
L'Huilier who obtained this expression, 
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7.9. | Expressions for sin 2 Е and cos 1 E. 
We have 


віп? 2E =4(1—cos 1E) 


| 


vin 


1+cos а + соз 6 + сов б 


оа у. ЗДА Л 
4 cos 4a cos 4b соз 1c 1 Ass s 








=ni- сов“ la + сов? 4b + соз" E 


2 cos 4a cos 4b cos 4с 


., 1—cos* ja – сов? kb —cos he +2 cos ja cos $b cos 4с 
4 сох 4a cos 4b cos 4e 





= Sin js sin $(8—a) sin 4(s — b) sin 4(s—c) 
cos За сов 4b cos jc ... (16) 





Similarly, 
cos? 4E — (1 + cos $E) 


ai 1 + соѕ а + cos b соз c ] 
4 cos За cos $b cos 4с | 


_ COS" Ja + cos? $b + сох“ jc +2 cos за COS s db. cos jc —1 
4 сох За сов $b cos 4c 


тёбе фе CON 10 са) соз 4.9) спее р) aD. 
vos За сов 1b cos $e э» 


L'Huilier's theorem is obtained by dividing (16) by (17). 


7.10. Expressions for sin 1(24 — К) and cos 1(24 — E). 


Substituting in (16) and (17)the values of the elements of 
the colunar triangle A"BC from Art. 7.6. we get, 
ЕР d cos 4s eos 1(8—а) sin 1(s — b) sin 1(s— c) 
sin” 404 — E) cos la sin jb — (18) 





140 SPHERICAL TRIGONOMETRY 





and сов? (24 — Е) = ЗЇ! de sin d(s—a) cos $(a—b) eos d(s — о) то 
cos 4a sin 35 sin ni 

Hence by division, we get 

tan" 2(24 — E) = соб js cot }(8—а) tàn 1(8—5) tan }(3— с), 
which is the ваше thing as (12) of Art. 7.8, 

7.11. Geometrical representation of the Spherical Excess, 

Lei D, E and F be the middle points of the sides BC, CA 
and AB of the triagle ABC and let EF meet BC produced at 
P and P', Then by Art. 6.9. we have 





e A A A A A 
_ PBY- PÓZ, FÉY-FÁX and ECZ - EÁX. 
Hence РВУ + POZ- PBF + PIGE -FÁX - BAX 
=27— (A + B--C)2z—E, 
"so that РВУ=РС = )js-4E, ie, complement of halj of 


the special ezcess. 
Now from the right angled triangle PBY, we have 


wo. X ml viia sin PBY _ 1 
= we чш sin вт PY ain in PB' 
but - PB-1z-]a and PY-)Óhs-EF; 


therefore iui = 1 +008 а+ сов + сове 
cos за - 4 сов а сов 56 cos. 
(Ex. 8, TS). 





—— _ 
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Again cos PBY «sin P cos PY —sin P sin EF. 
But from the triangles PBF and ГАР, we have 
sin P. sin F d sin EF sin 4b 


a — 


sin de sn PB” Жал  sinP 


во that cos PBY = “P $b sin jc sin A ` 


cos ja 


Therefore sin JE = соз PBY = cia 
erefore sin JE cos РВ Sam be con Ioa 12^ 


which is Cagnoli's formula, 





EXAMPLES WORKED OUT 
Ez, 1. In a spherical triangle if cos C= -tan ja tan $b, shew that 






C=A+B, 
We have cos С = —tan За tan 15, 
106... sin ja sin j^ cos С 
quu —— ‚ cos ja cos $6 
or — 08? C _ f == = sin мт 
, l—cos!C còs ju cos В 4-віо 
=tan {Е cot C, by Arts. 7,4 and 7,5. _ 
Hence —cot C=tan }Е = (ар (S—}r) = —cot 5. 
ог, С=8=}(4+В+С). 
so that С=А+В. 


Ет. 9. Shew that 


sin gx [nin ВЕ sin )/24 — E) sin 08 Е) sin j3C—))? 
2 sin $A sin 4B sin | 
We have " 
[sin ФЕ sin 424 — E) sin &(2B — E) sin 4:2C — Ej]! г 
| Qn? . | " | 
"uis a rin baig?! (2) of Art. 7.4 and (6), (7), (8) of Ат. 7.6 >> se = 


_2 sin s sin (s—a) sin (e—b) «in (sc) by Arh HO Of al и 


sin а sin b sine | 
7:9 ain s ain $A sin 4B sin 1C, by Art. 88 pas |; TY 
Hence the result. ан sf nat 530» Ai ha) 
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Ez, 3. If E' be tbe spberical excess of the polar triangle, and Ej, Ба, Es 
those of the colunar triangles, shew that 
tan 1E'— [cot E tan E, tan 1E; tan 1F4). 
(Proubet.) 


Let а’, b', с" be the sides ard A’, В”, C' the angles of the polar triangle 
of ABC, then 


E'=A'+B’+C'—x=2 (х—), 
25 =a +b +c =r- E, 
s'—a'— y(b'--c'—a') 23(24 — E), 
s'—b’=}(c’+a'—b’) - 3(2B—E), 
and s' — c' z 1(a'4-b'—c') =} (2C — E). 
Now tan 1E'— УЙ ап із’ {ап 31(s'—a') tan 3(s'— b^) tan 3(s'—c")] 


by Art. 7.7. 
Hence substituting the values, we have 


tan 1E'—tan 4(r—s) =cot 4s | 
= {tan 1(2v— E) tan 1(24 — E) tan 1(2B—E) tan 1(2C — E)] 
= s’ {cot 1E tan 1E, tan LE, tan IE,. 


EXAMPLES 
If E,, E; and E, be the spherical excesses of the colunar triangles on the 
aides а, b, and c respectively, shew that 


sin $5 tango tani. 


sin 4E, 
* вір }E,  tinàE, _ віро В _ sin 43 


tan фа tun 16 tan dec tan ġa tan $b tan de 


i {sin ФЕ sin ФЕ, sin 3 Ез sin 3E4] 
mol P EQ ATEM SP 


4. tan ЗЕ cot 1E, —tan $5 tan 3(s— a). 
tan $ Е cot 1E4— tan js tau }(s—b). 
tan ЗЕ cot 1E,—tan Js tan $ (5—5). 
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5. tan Е tan E, —tan 3 (s— b) tan 3(s—c), 
tan {Е tan 1E, = (ап 4(s—a) tan 315— c). 
tan 1E tan 3 E4—tan 1(s—a) tan 3(s— b). 1 


6. cot 1E tan E, tan LE, tan Ез = cot? 1s. 
tan 1E cot 1E, tan Е, tan 1E4— tan? 1(s— a). 
tan 1E tan 1E, cot 1E4 tan 1 E4—tan* 3 (5—0), 
tan 1E tan IE, tan 1E; cot 1E4—tan? 3 ($—с). 


7. Io au equilateral triangle of side a shew that 


tan }£=tan Ja stan ја tan ja, 
(Dacca Uni., 1930.) 


3, In an isosceles triaogle shew that 


tan }E=tan е tan }(a+4c) tan 3(a—1c)..- 
where а is one of the equal sides. 
9. If che angle C of a spherical triangle be a right angle, shew that 
() sin 3E-sin Ja sin 4b sec de. 


(ii) cos TE —cos la cos jb вес 1c. 


(in) sin? c — sina sin*b. | 
сов соз а cos b. 


10. If the sum of the angles of a spherical triangle be four right angles, 
abew that | 
cos? $#а-+-+соз? 13b -- cos! 4c —1. 
ll. А given lune is divided into two isosceles triangles, and the arca of one 
of them is n times the area of the other ; shew that 


-1 4 


i= 
tan $4 cos tan ^—7 та’ 


where А denotes the angle of the lune and 9 one of the equal aides. 
(Sci. and Art, 1894 ; C.U., М.А. & M.So,, 1926.) 


12, Shew that 
sin 3E sin $2, sin Е, sin $3Е; = №2, 


18. Bhew that 
1E —tan ja tan 4b sin C—} (tan ja tan $b)? sin 9C 4 ...... 
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14. If a, В and у be the arcs joining the middle point of the sides of a 
spherical triangle, shew that | 


sin 1E =92{sin о sin (“—а) sin («— B) sin (c-4))* 
where a+ B--y —2c, |» 
15. If the area of a spherical triangle be one-fourth of the area of the 
sphere, shew that the arcs joining the middle points of its sides are quadrants, 
| (London University.) 
16. Shew that j» 
cot 1E = cot С++ $a cot tb 
ain C 
(C.U., М.А. & M.Sc., 1927.) 
17. Bhew that 4 


tan Е = _ tandatenjbsinC | 
a 1+tan ła tan 36 cos С > 


d > 
APPROXIMATE: l'ORMULAE 


7.12. Lefendre's Theorem." If the sides of a. spherical 
triangle are small compared with the radius of the sphere, then - . 
, each angle of the spherical triangle exceeds by one third of the 
spherical excess ihe corresponding angie oj ihe plane triangle, A; 4 
the sides of which are of the same lengths as the arcs of the Tf 
spherical triangle. ты 

Let e, В and у be the lengths of the ares forming the sides 
a, b, с of the spherical triangle ABC, so that the circular 
measures of the sides are =, Е and * г being the radius. of 
the sphere. ofits — 

Ур | s 4 

1 + Legendre, Mémoires de Paris, 1787, р. 338; Т rigonométrie, Appendix V. 
See also Gauss, Disquisitiones generales. circa superficies curvas, $8 97, 98, — 


a 


and Mertens, Schlómilch's Zeitschrift, 1875. > | 
• | i 
г MM 
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Then 


cos a—cos b cosc _ 
sin b sin с B 

віп ^ sin Y 

r T 


cos A == 





Hence neglecting powers of - beyond the fourth, epar 
| * 
1 BY uU Vl. at — (* — =i — 68у - 


tr? = 24 * ч 


| TEES v 
т? Өт? 

В+ ү —a? at—pt— * — 62,2 | 8° ++? | 
"Eu THUS е У Has бт " 
В+ үа, at + 8* + y4— 265? — 9.ytat — = 2a | 
META TIT By 4 вт т” жЕ 


It A’, B! апа С’ be the angles of the plane — with the 
sides a, B and y, we have (Art. 3.6) 


| COS А’ = В ua — 


cos A = 











Prti 


10—1613B , 


“= 
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and sin?A’=1—cost Ale 2D У + 2y а? + 2a! — «* = B'—y* 


Непсе cos А —cos A= — 


⸗cos Ar Asn A’ же В) 


where А=36бу sin A’, i.e., the area of the plane triangle 
(Art. 3.10). "M 

Now if @ be the excess of th» angle A over the angle A’, 
we have 
— eos А = cos (A' 4- 0) = oos 4'— 0 sin А! approximately, 
9 being a very small quantity. 





Hence from (2) we have * 
Thus  : А= A г. 
Similarly, В=В'+,2, and c=0'+S, 
so that A+B+C=A'+B+0'+ eg o, 
— А+В+б—т=®), kD, aS. .. (8) 
Therefore | 


A=A'+}E, В=В’+3Е and C-C'«-4E  .. (4) 


7.18. We have seen in Art. 7.1 that the area of the 
spherical triangle is Hr’, and from (3) of the previous article 


< 
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we have Er*—A. Thus the areas of the spherical triangle and 
of the plane triangle with sides of the same length are approzi- 


mately equal, when the sides are very small as compared with 
the radius of the sphere, 


À closer approximation of the area is given in the following 
article. 


7.14. Approximate value of the spherical excess. * 


We have by L'Huilier's theorem (Art. 7.7) 


tan }/=jtan {з tan 4(8—а) tan }(s—b) tan 4(s—c)}. 
Now 


| 

$—-— (4s) +. ©» = Д 
бап ies ч 0^. 38(1 ; at er) 
prima (45 +: >: 1—48°+.-- 
=38(1 -э8?+...)(1—1а*+...)-1 


= }8(1 + 758°; approximately. 
Hence | 


tan 1E =[48(1 + 455*).3(s —a}{l + 18а) ?}. 
ls — b)il + т (8 —b)*}.4(s — c)f1 +15(8—с) H? 
= (8 — a)(s—b)(s—c)}4 


— — 4 
12 


== (а) В)’ У 


} 
82+ (s!—a)? + (8'— В)? + (81-9), 
\ ^ 127? т 
where 28! =a + B + y. 
* Gauss, Disquisttiones, $ 29. 


й 


ы 
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5 A | а? + б? meu ; | 

Thus {ап ат | des 24; — | approximately, 
_ А a? + 8° + у? | | 

Or, aj — 2473 C (5) 


since the quantities are very small. 
Hence to this order of approximation, the area of the spherical 


2 2 
triangle exceeds that of the plane triangle by 5; ISI. of 


the latter. If in (5) we neglect the fourth power of т, we get 
the result (3) of Art. 7.12. 


ExAMPLES 


1. Shew that a closer approximation for А is given by 


lg] Е (gts 42-208 
A= A’+- sE +i QU tv 2а*), 


2. Shew that 








sin A a В? — а? ТВ? — За? 
sin В se 6r? (1+ 60r? ) 
approximately. 


9. Shew that for а closer approximation 


a ‚_ Ву sin? А’, &y(a1 — 38! — 35) sin? A’ 
v oda т ^ 180/4 ' 


4. Shewthat if A=A‘’+8, then approximately 
9 = PY sin A* 1+ а?+181+Ту1 
"cen . ^ 120 _ | * 





CHAPTER VIII 
CIRCLES CONNECTED WITH A GIVEN TRIANGLE 
INSCRIBED AND CIRCUMSCRIBED CIRCLES. Hanr's CIRCLE. 


8.1. Inscribed and Circumscribed Circles. Circles can be 
deserioed touching the sides of a given spherical triangle or 
passing through its angular points. The contact again may be 
internal or external, i.e., the circle may be wholly within the 
triangle or it may be outside the triangle. 

The eircle which can be inscribed within the given spherical 
triangle so as to touch each of its sides internally, is called its 
Inscribed Circle or Incircle, Its pole will be the point of inter- 
section of the internal bisectors of the angles of the given 
triangle. Its angular radius will be denoted by the letter т, 

A circle which touches one side of the triangle and the other 
two sides produced, is called an Escribed Circle or Excircle. Its 
pole will be the point of intersection of the bisectors of the 
external angles. There will be three such excircles to a given 
triangle, and we denote by the letters r,, 7, and т, the angular 
radii of the excircles touching the sides BC, CA and AB respec- 
tively. It is evident that the excirele touching BC is nothing 
. but the ineirele of the colunar triangle A"BC. Thus the three 
excircles are but the incircles of the colunar triangies, The’ 
original triangle ABC and the three colunar triangles formed 
from it are called Associated Triangles, ABC being the funda- 
mental triangle. 

The circle which passes through the angular points of the 
given triangle, is called its Circwmscribing Circle or Circum- 
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circle. Its pole will be the point of intersection of the arcs 
bisecting the sides of the triangle at right angles. Its angular 
radius will be denoted by the letter R. 

8.2. The Incirole. То find the angular radius of the small 
circle inscribed in a given triangle. 





Let ABC be the given triangie. Bisect the angles B and С 
by great circular ares meeting at I. From I draw ID, JE and 
IF at right angles to the sides, 

Then the triangles IBD and IBF having the angles at D and 
F right angles, the angles at B equal and 7B common, are equal 
in all respects. So also the triangles ICD and ICE are equal. 


Therefore 
IDzIEzIF, 


and the triangles IAE and JAF are equal, so that АГ bisects 
the angle A. Thus the internal bisectors of the ungles of the 
triangle ABC meet at I. А small circle drawn with I as pole 
and JD as radius will touch the sides at D, E and F and will 
thus be the incircle of the given triangle. 
Now from the triangle IBD, we have by (7) of Art, 4.1 
tan [Ю= {ап 4B siu BD=tan 4B sin (s— b), 
or denoting 1D by r, we have 
tan r=tan 4B sin (s— b). 
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Similarly, tan r=tan 4A sin (s—a)=tan 4C sin (s—c) ... (1) 


Again, substituting the value of tan 4B from Art, 3.8 we 
have 


.,|sin sin (s—a) sin (s—c) a) sin (8—c) e: 
tan r= Y — — RET sin (s — b) 


N Enc sin (8 — b) sin (8—c) _ mn (2) 
sin 8 sins ` X E 


Similarly substituting the value of the sines in (1), we get 


sin 4B siu 4C zd 


tan *z—— 
cos 4A - 


_ sin 4C sin 3A 


— sin b, * зы” 48) 


_ Sin 4A sin 4B 
назо сие 


and hence by Arts. 3.13 and 3.14 


{ — cos S cos (S — A) сов (S — В) соз (S — cy 


і = 
TNT 2 cos 1А cos 1B cos 1C 


N 


EUR — * 
2 cos 4A cos 4B cos 1C (4) 


Again sineg 
cos S + cos (S — A) + cos (S — B) + сов (S — C) 24cos 44 cos В cos àC 
we һауе 


cot p= {608 S + cos (S — А) + сов (S — B) + сов (S — C) 
2N 


. (5) 


* Lexell, Acta Petropolitana, 1782, 
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18.8. The Excirole. To find the anguiar radii of the escribed 
circles of a given triangle. 


B 


C 


Let ABC be the given triangle. Produce AB and AC to 
meet at A", "Then the circle escribed to the side BC is the 
incirele of the eolunar triangle A" BC, the parts of which are а, 
z—b,z—c, A, 7— В and s—C. - If 28, be the sum of the sides 
of the colunar triangle, we have 

8,=a7—(s—a), 8 -а=я-—3, etc. 


Hence if r, be the radius, we have by Art, 8.2, 
tan 7, = бап ЗА sin (s,—a)=tan ЗА sin s. cv ДӨ) 


Proceeding as in Art. 8.2 or substituting the elements of the 
colunar triangle A" BC in the formulae of Art. 8.2, we get 


uis а, 
"nn sin (s —a)' — 
_cos $B eos iC . | * 
| sin а, 4 — (б) 
N 
2 сов 4A sin 4B sin 4C ' eeen (9) 


and 


cot r, = {2008 S —cos — (S-Bj*eos(8-C) ^ qo 
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8.4. The radii r, and r, of the other two excircles are easily 
obtained in the same manner or by appropriate interchange of 
letters in r,. Thus 


tan r,—tan 4B sin s= — , etc., 
sin (s— b) 


and tan 7,—tan 1C sin $= — etc. . 
sin (8 — c) 
8.5. The Circumcircle. To find the angular radius of the 


small circle described about a given triangle. 





Let ABC be the given triangle. Bisect the sides BC and 
CA at right angles at D ара E by great circular ares meeting 
at P. Join PA, PB and PC, 


Then the triangles PBD and PCD, having BD=CD, PD 
common and the angles at D right angles, are equal in all 
respects, so that PB=PC. Similarly from the equality of the 
triangles РСЕ and PAE, we have PC=PA, so that PA- PB 
= PC. 

Hence a circle with P as pole and radius PA will pass 
through the angular points of АВО, and wil! thus be the circum- 
circle of the triangle. 


! 
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Now from the triangle BPD, we have by Art. 4.1 
tan BD=tan BP cos PBD=tan BP cos (S-A), 
or denoting the radius by R, we have 
tan Ја = ќар В cos (S-A). 


tan ja — 
cos (S— A) ` 
Similarly, «n АЧА 


t.e., tan R= 


tan R=—tangb _ tange - 
сов (SCB) cos (S—C) J 


Substituting the value of tan 4a from Art, 3.18 we have 


E —cos S l? 
tan R= аа | 
_ eos 8 
M ыда 


Again since (Ex. 11, p, 66) 
сов (S — 4) = — сов S cot 1b cot 3c, 


we have 
tan R= — tan ġa tan 36 tan {с ] . (18) 
cos 5 
enn ал рае 5 
Also cos S Taos i oos IU con 16 ^ ^ (Ex. 15, p. 66) 
Hence 
tan В-2 sin da * $6 sin ic ... (14)* 


+ Lexell, l.c. The result follows at once from Ex. 16, p. 66. 


¢ 
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We have from Ex. 14, p. 66. 
сов (S—A) _ соз ]b cos c 
sin А сов За  ' 


to 5 
so that tan Rz» — 9 — ... (15) 
sin A cos 56 cos 5c 





Again since 
sin (8—а)+зщ (s — b) -- sin ‘s—c)—sin 8—4 sin la sin 46 sin 30, 


we have 


tan S [sin (s—a)+sin (8— b) -- sin (8—c)—sin 8 | № (16) 


8.6. Circumoircles of the colunar triangles, То find the 
angular radii of the circumcircles of the three colunar triangles, 


Let В}, Rg and В. be the angular radii of the circumcircles. 
of the colunar triangles on the sides a, b and c respectively. 
The elements of the triangle A"BC are a. л- 0, x—c, A, z—B 
and z—C. Hence substituting these values in the formulae 
of Art. 8.5, we get the formulae for R}, the circumradius of 
the colunar triangle A"BC, 


1 
Thus tan Ау = — E — ER 


_ cos (S — A) 
N ' 


6 ма 
_tan ^ a cot 5b cot lc .. (09) 


сов (S — A) 


(18) 


NEU 
_2 віп 3d соз 4b cos lc .. (20) 


n 
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sin Ja | | 
D * = 21 
sin A sin $6 sin Jc ven 


== |sin 8—sin (s— a) + sin (8—6) -- sin (s—c) | „= (22) 














Zn 
1 = 
Similarly, tan Rg=- tan gb = “0s (8— B) , atc”, 
: cos 8 N 
tan dc _ cos (S — C) 
nd tan R42 — и = ——. eto. 
m 0798 соѕ 8 N d 


8.7. Inscribed and Circumscribed Circles of the Polar 
Triangle. 


Let A'B'C' be the polar triangle of ABC. Now І, the 
incentre of ABC, is equidistant from its three sides and hence 
equidistant from their poles A’, В’ and С’ (Ex, 6, p.28), Hence 


1А!=1В!=1С!=1т—т, 


i€., а circle with I as pole and JA’ as radius will pass through 
В’ and С’. Thus, к 

The pole of the incircle of апу triangle is also the pole of 
the circumcircle of the polar triangle, and the radius of the 
incircle of the triangle is equal to the complement of the circum- 
radius of the polar triangle. 


Similar reasoning applies to the case of excircles also, Thus 
the poles of the excircles are the same as the poles of circumcir- 
cles of the respective colunar triangles of the polar triangle and 
the radii of the former are the complements of the respective 
eireumradii of the latter. 

Again since ABC is also the polar triangle of A'B'C', we 
have the supplemental relation : 
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The pole of the circumcircle of any triangle is also the pole 
of the incircle of the polar triangle and the circumradius of the 
triangle is equal to the complement of the radius of the incircle 
of the polar triangle. 


It follows from the above that if the radius of the incircie of 
a triangle is known, the radius of the cireumcircle of the polar 
triangle as also of the given triangle is at once obtained. 


EXAMPLES WORKED ОПТ 


Ex. l. Shew that 
(cot r--tan Ау? = (sin a--ain b+sin ci*—1 


-— n . : к 2. 
in? (sin А+вїп B+sin C)*—1. 


We have from Arts. 8.2 and 8.5 


cot r+tan Rate? += (sin (s —a)--sin (s — b) 4-8inls ~ с) —5in s} 
= = [sin s+ain!s—a)+sin(s—b)+sin(s—c)} 


= 2 (sin }(b+-c)cos 3a--sin 3a cos 3(b с)}. 
Hence squaring both sides, we have 
(cot r--tan R)'= (sin? 4(b-Fc) cos! fa+sin® фа cos! (=) 
4-2 sin За cos фа віп 3(b +c) cos $(b—c)} 
= [{1-cos( +c)}(1+cos a) 
T-(1—cos а) {1+ сов —с)} +2 sin a (sin b+sin c)] 


= 1. + a ain b+sin b ain c+sin c sin a—cos а cos b cos с} 
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== A ei. — 
74,5; sin а+ sin b-Fsin c) 


— (1— сов? a— cos? b—cos*e+2 cos a cos b сог с)} 


ео а-+-вїп b--sin cj?— 1. 








Again since коа 000. аш я = ©, (Ex. 7, p. 65) 


sin A sinB зір N 
"^e have 
(cot r 4-tan R= -alein A Fun B+-sin C)*—1. 
"Similarly, (cot г; —tan R= lsin b-+-sin c—sin aj*—1, 
(cot rg—tan В)? = (sin c*sin a—sin b)3—1, 
and (cot rs —tan В)! = (мо a--sin b —sin ci? —1. 


Ег. 2. Angular distance between the poles of the circumcircle and the 
incircle. 

If 5 be the length of the great circular arc joining tbe poles of the incircle 
and the circumcircle of а triangle, then will 


cos? 5— sin? г cos? R-Fcos* (R —r). 


A 








EXAMPLES 159 


Let J and P be the poles of theincircle and circumcircle of the triangle 
A BC, and let PI be denoted by $. Through Г and P draw two secondaries to BC 
meeting it at D and E respectively. Then we have by Art. 3.7 


cos 5=8іо ID sin РЕ+ сов ID cos PE сов ED, 


But BD=s—b, BE-1a; hence EDz3(c— b). 
Also ID=r, sin PE=sin R sin PBE=ain R sin (S — A), 
and cos PE = eos R : 
cos 4a 
Hence cos б=вп г sin R sin(S— 4) 4-cos г соз R cos 3(c— 5) 
cos la 


sin B+C) 
сов 54  ' 


by Delambre's first analogy (Art. 3.19) 


=sin r sin А sinl S — 4) + cos г cos В 


= ла reos R | tan В sin(S—A)+cot r “2 2.7 T VJ HB+C) 
cos 14 


EU [ев ФО он HB cov JC in ИВО, |. 
by Arts. 8.2 and 8.5 


NC sin A + sin B--sin C 
sin LII ON |. 


"heiefore we have by Ex. 1, 
сов? 5=sin? r cos? R{(cot r4 tan R)*--1] 
А | =8іп? r cos? R--cos*(R — r). 


8.8. Hart's Circle, In the plane geometry we have the 
weil-known theorem of Feuerbach that the inscribed and escribed 
circles of a plane triangle are all touched by another circle, 
namely, the Ninepoints Circle. Sir Andrew Hart discovered 
in 1861* that the theorem holds im the case of spherical 


* See Quarterly Journal of Mathematics, Vol. IV, p. 260, 


~ 
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triangles also. He demonstrated that the inscribed circles 
of a spherical triangle and its colunar triangles are all 
touched by another small circle. ‘This circle touches internally 
the incircle of the triangle and externally the incircles of the 
colunar triangles. 


8.9. Spherical Radius of Hart’s Circle. 


Let ABC be the given triangle, and т, 7,, г., т, the radii 
and I, I,, l, I, the poles of the inscribed and escribed circles. 
Let p be the radius and H the centre of Hart’s circle. Then 
since Hart’s circle haa internal contact with the incircle and 
external contact with the excircles of ABC, we have 





НІ=р-т, НІ, =р+т,, HI,=p+r, and НІ, :=р+т,. 


Now since the angle А is bisected internaliy by АТ and 
externally by AJ,, they are at right angles to each other. Thus 
Al, is an altitude of the triangle 1,1.Г,. Similarly BI, and CI, 

аге the other altitudes. = TURON ДЬ? 
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Let 2v, 2v,, 2v, and 2v, be the sines of the triangles /,/./,, 
П.1,. IT,T, and ITI,I,, then 


2v=sin 1.1, sin АГ, 2v,=sin [„1, sin BI, 
2v, —sin I,J, sin AI, 2v, sin Г, 1. sin CI. 
If IF be drawn perpendicular on AB, we have IF=r, and 


sin r=sin AI sin 1A and sin т, =зіп Al, sin 4A, 





so that sin т: sin 7,=sin Al: sin АГ.. 
Hence и: == 1 —— 
| ват зіп, 
Similarly 
— M lu Se SANE 
v. Vas Vo. ‚А лш Vee > AT ео үт Te ENIM. 





sinr sinr sin 7, sin 7, 


Applying Dr. Casey's Theorem (Art. 6.10) on the triangle 
IIl, we have 


v, cos HI +v, cos HI,+v, cos НІ, =у cos HI, 


or. | 008 (p* rj) + cos (p+ r;) + £08 (p +7) — 008 (р—т) 
sin 7, sin T, sin т, sin Т 


i.6., совр (cot т, +cot т, + cot т,) —8 sin p=cos p cot r-- sin p. 


"- 


Thus - 4 tan pz eot т, + cot т, + соб т, —cot r 


-1\ (s — a) + sin (s— b) + sin (8— c) — sin s} 


=2 tan F, 
where R is the cirċumradius of the triangle АВС. 


Hence . tan p=} tan R. 
11—1618В | 
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8.10. Angular distance of the pole of Hart's circle from 
the vertices of the given triangle. 


The lengths of the ares joining Н to A, B and C can be 
obtained with the help of Art. 6.1. Thus applying the theorem 
to the are I AI, we have 


cos HI, sin AI,-- cos HI, sin AI, cos AH sin 1„1„, 


or, cos(p+7r;) sin АЈ, + cos(p- r,) sin AI, —cos AH sin(Al,+Al,). 


But зіп AI m еа, sin АГ, = Е 





cos А1„=соз r, cos (8—с), cos АТ, = cos т, cos (s — b). 


Hence substituting these values in the above equality, we 


have 


sin 7; COS 75 + COS 7, sin 7, —2 tan p sin 7, sin т, 


= 008 AH ха г. COS Ta cos (S — b) + sin г, cos т, cos (8— с) 
cos p | 


or, cot r,+cot r,—2 tan p 


* = нан Joo Ta cos (8— b) + соб т, cos of 
Cos p ря TR 
whence substituting the values of cot ту, cot т, from Art. 8.4, 
and of tan p from Art. 8.9 we get | ; 
sin (8—0) + sin (#—с)- 2 sin За sin $b sin 4c mos. 
AH Y. == Te 
= Cos AH 
in wi ex = 
<> "emp jem a- а) cos (s — b) + sin (8— b) cos (s of 
* 





* 
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Hence simplifying, we have 


eos A Н = COS 15 cos $6 cos p. 
cos 4a 
cos 4c eos За 


cos 1b 








Similarly cos ВН = соз р, 


|) 
COS wil lh 
а cos CH= 908 3 608 #0 oi. pi 
cos Yc 


8.41. The lengths AH, BH and CH can be obtained easily 


without previous knowledge of the value of p. Thus from the 
previous article we have 


cot То - соб r4,—2 tan p 


— | cot ra cos (8 — b)-F cot ra cos —J 

cos p 
And applying Art. 6.1 to the are AII}, we have 

cos (p—7) sin AI, —cos (p r4) sin AJ=cos AH sin (AI, —AI) 
which on simplification becomes 


cot ту —cot r—2 tan p 


= AT | cot r соз (s—a)— cot ту cos s. ‘а. 
COS р Е 
Thus соб. та + cot та —2 tan p= SS A Н sin a 

n cos p 
Ж cob tym детэ о ре 06 AH sin e. 


x n cos p 
Hence equating we have 


tan p=} (cot ту + cot r5 + cot r,—cot т) =} tan R. 
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and cos AH =} p 7208 Р cot го + cot т; —cot ту + cot і 
sin a 


cos 46 cos dc 
90815 co qe. р. 


COS ; за 


Thus the value of p is simultaneously obtained with that 
of АН, 


8.12. Baltzer's Theorem.* The pole of the great circle 
through the middle points of two sides of а triangle is also the 
pole of the circumcircle of the colunar triangle, 





Du AX, BY and CZ at right angles to the great circle 
EF passing through the middle point E and F of the sides AC 
and AB of the triangle ABC. Let these perpendiculars meet 
at O', Then O' is the pole of the great circle EF. 


We have by Art. 6.9 АХ= BY - CZ- p (вау), ; 
then О'А=}т+р and O'B=0'C=4n—p. 


* Baltzer, Trigonometrie, § 5, 


Ai 
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Hence О!В = ОС jn (ОА — 1a) п ОА = O'A', 


where А’ is the point diametrically opposite to А, 

Thus the point О’ is equidistant from the points B, С and 
А’, i.e., the vertices of the colunar triangle А’ВС and hence 
is the pole of its circumcircle. 


8.13. Theorem.* If тот a fixed point P on the surface 
of a sphere, a great circular arc be drawn to out a given small 
circle in A and B, then will ; 


tan УРА - tan 3PB —contant, 





РА | 
Let О’ be the pole of the given small circle. Draw O'D 
perpendicular to AB. Then the triangles O'AD and O'BD are 
symmetrically equal and hence AD — BD. 
Now from the triangle PO'D, we have 
cos РО'=соз PD cos O'D, 
and from the triangle AO'D we have 
cos АО'=сов AD cos O'D, 


EA cos PO! _ cos PD 
Mis cos AO! соз AD ' 


== 





* Lexell, Acta Petropolrtana, 1782, р. 65. 
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- cos AD—cosPD cos A0'—cos РО! 
cos АР + соз PD cos А0' + cos PO' ' 
i.e., tan J(PD— AD) tan (PD + AD) 
=tan 1(PO! — AO!) tan 1(PO! -- AO!). 

Thus tan ¿PA tan 3PB —tan }(8—р) tan 1(6-+ p) = constant, 
where 6 denotes the angular distance РО! and p the angular 
radius AO’, 

It is evident that this result does not depend on the positions 
of А and B, so that it holds for all positions of the are PAB 
drawn through P. The constant tan 3(8— р) tan 4(ô+ p) is called 
the spherical power of the point P with respect to the circle. 
It is positive when P is outside the circle, negative when P 
is inside. 





8.14. Lexell's locus.* The base and the area of a spherical 
triangle being given, the locus of the vertex is a small circle. 





В 


Let BC be the given base, and B" and C" be the points 
diametrically opposite to B and C respectively, Then in the 
triangle AB"C", the angle B"—z— B and €/—z—0. Suppose 


* Lexell, Acta Peteopolitana, 1781, I, р. 112. 


e- 
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P to be the pole of the circumcircle of the triangle AB"C", 
Join PA, PB" and PC". 


Then we have 
A ^ ^ ^ ^ ^ 
PB'C"=PC"B", РОТА = РАС" and РАВ"= РВ'А. 
A 
Therefore В" +C"—~A=PBIC" + PC'B! 2 PBIC!=2 PÓ'Br, 
Hence if the angie PB"C" or PC'B" js known, the pole P 
cun be determined, 
Now the area of the triangle ABC is given; hence its 
у spherical excess Eis also known. But 
Б=А+В+б-т=А+х—-В"+хтх—0'—к=тхт—(В*# + 0'—- А). 
Thus B"-- C" А, i.e., the angle PB"C" or PC"B" is known, 
.sothat P is determined and the cireumcircle of AB’C" is 
completely known. 
As А is a variable point, it follows that the locus of A is a 
small circle through В” and C"—the circumcircle of the triangle 
AB" C. 
k EXAMPLES 


Prove the following relations for a spherical triangle :-- 


. 4, tan т tan rj tan rg tan rg—n*. 

cot г tan f, tan то tan r4-—sin* s. 
tan r cot ту tan го tan r3=sin® (s—a). 
tan у tan ту cot rg tan r3=sin? (s—b). 
tan r ten r; tan га cot ry—8in? (5—5). 

2, cot Н cot FH, cot Ra cot Аз = №, 
tan А cot Rpeot Во eot H3 cos* 5, 
cot R tan К. cot Ry cot Аз =сов? (8—4). 
cot R cot Ку tan Ry cot R42 cos! (S— В). 
cot В cct. Кү cot Ry tan F3 cos? (8— C), 
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10. 


11. 


12, 


13. 


14. 


15. 


16. 
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cot r, : cot f4 : cot rg: cot r=sin (s—a) : sin (s~b) : sin (5—6) : sins, 
tan Ry: tan Rọ: tan Ry=cos (S-— 4! : cos (S— B: : cos (8— C), 

cot г: +cot rg+cot r4—cot r=2 tap Re W 

tan А, о Л. +tan А; що R=2 cot г, 

cot r—cot r;--cot re+cot r4—2 tan Д), 

tan H—tan FR,--tan Ry+tan В. =2 cot т. 


cot r gin s=cot $A cot $B cot 4C, | dip 


> 


tan A-4-cot r=tan Ry+cot г =tan H44-cot га = tan Кусс | 
= Mcot r+cot тү-Есо& го 4- cot ra). 


tan R tan А, +180 Ry tan R3=cot г cot лу соб ту cot rs. 


tan rjd-tan rg+tan тз – ѓар т " 
EVEL UE Y s cos a-Fcos b+cos c. 
COL г; Е COL rg COU та — cot г 1+ +со cos C! 


tan? R+tan? К 4-бап? Rottan? Ry _, 

M ee =], 
cot? r+cot* сое та cot? r3 

tan? R--tan? R,—tan? R,—tan* Ry _ сов 4 
cot? r-4-cot* r, — co? r4 — cot? ry cos d 


тє» „у... EE — — — — — RU —— * 


tan R 2 coa ЗА cos В cos 1C 





cosec? r=cot (s — b) cot (s—c)-Fcot(s—c) cot (s—a)+cot (8 — а) cot (=b) f, 
созес? r, =cot (a — b) cot (s—c)—cot s cot (s — b) — соё s cot (s—c). | 


cot (s—a) , cot (s— b) , cot (s—c) [9507 


sin? г sin* го sin? r4 ain? r cot(s — a)cot(s —— elo ү 


совес? г; + совес? т, cosec? ту— созес? т 
= —9 cot s [cot (s—a)+cot (1—b)--cot (s—c)]. 
————— —M— Ba 
Vi--icot rj, —ian R)? + /1+(cot та іар R) 


+ /1+(cot r7 tan АЈ? = v1- (got r+tan RP. 


Shew that in an equilateral spherical triangle 
ы tan R9 {ар f. 
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17. ABC is an equilateral spherical triangle, P the pole of the circle 
circumscribing it, and Q any point on the sphere : shew that 
cos QA--cos QB+cos QC =3 cos РА cos PQ, 
(C. О, M. А. & M. Sc., 1926) 


18. If 8 be the angular distance between the poles of the circumcircle 
and the incircle of a spherical triangle, shew that 


cos _ sin a+sin b+sin с 
=. | sin rein Н віп да sin А0 sin 4c 


and вес? В вес? r sin? $ — tan? R—9 tan R tan г. 
(London Univ. Exam, Papers.) 








19. If 5, 8 and 5, denote the angular distances between the poles of the 
circumcircle and excircles of a spherical triangle, shew that 


сов? 5, =сов? R sin” г + созї (А-7, 

сов? 8, — cos? А вір? 7; -соз? {В+ га). 

соз? 5, =сов? В sin? 7; соз? (А+ r4). 

sin? 8; = вір? (А+ rj) —cos* R віп? rj. А 

sint 5, = sin! (В+ ға —c0os? R sin? rs. 

sin? 54 sin? (R-Fr4) —cos? В sin? rs. 
20. If I, 1, І, and I, denote the poles of the inscribed and escribed circles 
of a spherical tr'angle, shew that 


cos IT, : соз II, : соз Пз= — ty den — 
| соз (s—a) costs—b) cosis—c) r 
21. If S, Sı, S, and S4 denote the sums of the angles of a » spherical 
triang!e and its three colunars, shew that 


S+8,+89+8, =r, 





29. If P, P,, Р, and Р; denote the poles of the circumscribed circles of a 
spherical triangle and its three colunars, shew that 


tan PP, : tan РР, : tan РР, A 
=@ов ja sin(S— А) : cos $b sin(S — B) : cos ёс sin(S— C). 


93. If in a spberical triangle (ће vertical angle We equal to the sum of 
the base angles, then the pole of the cireumeirele will lie in the base. 


dd 
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of the incircle and P any point оп the sphere, then will 


24. If ABC be a spherical simile having each side в quadrant, J the pole 
(cos PA+cos PE+cos PC)! 23 cos? PI. 7 


25. Two circles whose radii are cot^laand со&718 touch externally. Shew 
that the angle between their common tangents is 


2 cog! 2 VaB—1l. 
a--B | 
(С. U. M.A. & M.Sc., 1928) 


26. PAB is a spherical triangle, of which the side АВ is fixed, and the 
angles PAD and PBA are supplementary. Prove that the vertex P lies on a 
xed great circle, 


(Science and Art, 1899) 


27. Two circles of angular radii a and В, intersect orthogonally on a sphere. 
of radius r; find in any manner the area common to the two. 


p (London Univ. Exam Papers ? 


28. If H be the centre of Hart's circle for the spherical triangle ABC, $ 


shew that 
ч ‹ 


cos АН : cos BH : cos CH =зес? За : sec? 1b : вес? їс. 


79. ИЦ, tg and ts be the lengths of the tangents from the vertices A, B 
and C to Hart's circle, shew that " 
| Е 


- 


cos lj —8ec фа соз $b cos фс. 
" cos !4—cos фа sec $b cos ёс, 
cos (а = соз фа cos $6 sec 1с. 


30. If the side AB of the spherical triangle ABC be intersected by Hart's 
circle at points distant A and д from A, shew that 


—©0з ja —cos $b сов de 
› я = нор cos $b sin Jc = 


| “а MC NS 
I сов ёа -соз 4b cos dc = ‚ ЭЩ. e - 





apd sin BP sin BP’ sin CQ sin CQ’ sin AR sin AR’ _, 
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+ ы 


31. Shew that the intercept made by Hart's circle on the side AB is 


given by ° 


= cos? Ja—cos* 36 — 
: БЕ Ja cos gb TNT 


32. Shew that the angle between Hart's cirele and a side of the triangle is 
equal to the difference of the angles of the triangle adjacent to that side. 


33. ABCD isa spherical quadrilateral inscribed in a small circle, and the 
diagonals AC and BD intersect at P : shew that | 


tan РА tad 3PC- tan 4PB tan aED. 
94. ABC is a spherical — and a small circle cate BC in P and P’, CA 


in © and ©’, AB in R and В’: shew that 


sn AQ gin AQ’ _ sin AR sin АК” ‚ 
cos? 100” cos? RR’ 
sin CP sin CP"sin AQ sin AQ’ sin BR sin BR’ 


hl 
35. Р is the pole of the circumcircle of the spherical triangle 4ABC-and АР 
is produced to meet BC in D; shew that'if 5 denotes PD, | 


tan }BPD Ton 4Cpp - sin $ 5). 


sin R+8) 
If the angle A be a right angle, shew that 
^ cos? R= sin( R= sin( Я — 8) e 
Е sin( A 4-3)" d 
- 
Е 


